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LAPLACE TRANSFORM DEFINITION

Definition. Let f(r) be defined for all 1 > 0, then r e f(n)dt is defined as the
Laplace transform of (), if the integral exists. :

It is denoted by L[ f(1)]. It is a function of s.

Hence, L[f(1)] = j: e f(ndt = F(s).

[Result. The parameter s may be real or complex. ]
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Sufficient condition for existence of Laplace Transforms

[May2015, Dec 2014, May 2011]
Let /(1) be defined for all 1 = 0 such that (i) f(r) is piecewise continuous in the
interval [0, c0) and (i1) f(7) is of exponential order a > 0, then the Laplace transform

of f(r) exists for s > a.
‘Note

‘

1. Piecewise continuous on [0, co) means that the function is continuous on
every finite subinterval 0 < r < o except possibly at a finite number of
points where they have jumps i.e., f(x+) and f(x—) exist but not equal.

2. f(1) is of exponential order o > 0 if |f(1)] < Me* for all r = 0 and M is a
constant. In other words, 'lirg (e ™ f(1)) is finite.




Example. /" is of exponential order as 1 — co.

. R o ) n!
lim (e7*r") = lim — = lim

=0.

Result. The above conditions are sufficient but not necessary.
| . e .
Example. L[7?] exists but it is not continuous at 7 = 0.




Laplace Transform of Standard functions

1. L[l]=j:"'ldt-[ ]0_--[0 1]-§




_’ ot ’ es: ’ g gt b
4. L[1] tdt = ld e [l Sd‘— = .
-Sl
_s: .l o =1
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ls+a+s -a §
21




7. L[sinhar] = L[em '2"_“] - %[L[e‘”] - L]

ll_ a

T 2ls—a s+a] §2 — g2’

8“"-&-8 —iat 1 |
8. Hloosm] = L[ ] 25— a:+s+ai]

[s+m+s ai A}

5?2 +a? ] sz+a2
ezat_e —iat

1
9. L[sinar] = L[ 2;[3 az_s+a:]

s+a: s+a:] [
2: 2+ a2

.'.‘Z-i-av2 = sz+az'




Example Write a function for which Laplace transform does not exist.
Explain why Laplace transform does not exist? [May 2007]
Solution. Let /(1) = ¢'.

. =gt g =St P
:l-auge f(l)-’l_n’xge ¢

= lim ™"

[—=

= lim &) = ™ = o,
=0

- lim e*¢"" is not finite.

=

Le., ¢ is not of exponential order.
- Laplace transform of f(r) does not exist.




Linearity Property
If f(r) and g() are two continuous functions of 1 and & is a constant, then

(1) L[f(0) £ g(n0] = LL/(0)] £ L[g(0)].
(i) L[k f(1)] = kL[f(1)] where k # 0.
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Example Is the linearity property applicable to L [

| —cost

]? Reason out.

[Dec 2012]
1
Solution. Linearity property can be applied when 7 and c_ols_f are continuous.

Here, -:— and C—OIS—I are not even defined at 1 = 0. Hence, they are not continuous.
| —
Therefore, linearity property is not applicable to Icos :
Example Find L[3¢” + 5cos1]. [Jan 2009]
Solution. L[3¢” + 5cost] = 3L[e] + 5L[cosi]
1 s 3 S5s
=3 +35 = - ;

s=5 241 s=5 s2+41
Example Find L[cos nt + e~i' 4+ sin 81]. [Jun 2009]
Solution. L[cosnt + eI + sin 8] = L[cos mt] + L[e'§’ ] + L[sin 8]

s 1 8
= + +

2+ s+§ 52+ 64




Example Find L[1* + e~ + 8 + sinh 51]. [Jun 2007)
Solution. L[ + ¢ + 8 + sinh 57] = L[*] + L[e~>"] + 8L[1] + L[sinh 5]

B O Ry
T8 s+5 s $£-=25 &£ s+5 s $£-25

Example  Find L[(+ 1)*]. [Jun 2002]
Solution. L[(r+ 1)] = L[> + 21 + 1]

L[]+2L[t]+L[l]-2- 3l 4 l

sz
22 1 2425+¢
= —3 —2' 5 - & -
Example Find L[cos? 21]. [Dec 2005]
| 4+ cosds

Solution. L[cos21] = L| |= -[L[l] + Lcos4d]| = %[% +

[Sz+l6+sz | 282+l6]_ 324'8
T2+ 16) ) 22+ 16)) T s(s2+16)

s
s2+l6]




Example Find L[sin 2¢sin 31]. [Dec 2004]
Solution. L[sin2rsin31] = lL[cost —cosSi] = -[sz i s- i 3 5]
_S S +25- 32 -1 [ ]
a 2 (s2 4 I)s2+25))  2l(s2 + 1)(s2 +25)
125

T (E+D(s2+25)

Example Find L[sin® 21]. [May 2004]

Solution. L[sin’ 2] -L[ ~(3sin2r - sin 61)| = -[3 9 ]

s-+4 T 2436
--[52-}-36 $2 - 4]_ [ ]_
al(sZ+a)(s2+36)) 22 +4)(s2 +36)) (2 +4)(s2 +36)




Example Find L[17]. [May 2005)

Solution. L[] = f it
0
|
letst=x=1= ;—‘ =dt= ;dx.
When 1 =0,x=0, when 7= 0o, x = 00

-1 1dl
L IfiT]= | € “=— | e*xidx
71= | (5)7

l l_l

=— | e*xTdx
Vs Jo

=LF(1) [[n= f e " dx]
12 0

-




Example Find L[cos 41. sin 27]. [Dec 2009]

Solution. L[cos4r.sin2] = L [ anor 3 e 2'] = % [L[sin 61] — L[sin 21]]

LA ey . 2. B ]
T 2|s2+36 s2+4| 2436 s2+4

Example Find L[sin® 7 cos’ 1]. [May 2008]

Solution. We have sin” rcos® 7 = ( L= ;os 2’) (cos 3 : 3 cos')

1
—[cos 37+ 3cost —cos2rcos 31 — 3cos2icos1]

cos 3t + 3cost — %(cos 51+ cost) — ;(cos 31 + cos I)I

1 1 3 3
cos3r+3cosr— 5cos51— Ecost— Ecoth— -2-cost]

t~ 00| = 00| = 00| 00

1 1
5 COS 37 + cost — 500551]

L[sin2 tcos’ 1=

%[ - %cos3l+cosl- %cosSt]]

1
-1—6-L[2 cos? — cos 37 — cos 51]

__l 2s s s
T16|s2+1 s24+9  s2425|°




Example Find the Laplace transform of the function defined by
t O<r<l

f(n= . [Dec 2007]
0 1>1

oo

Solution. L[f(1)] = f e ¥ f(ndt

0

1 oo
= | eV flndt+ | e f(Ddt
|

c%_ c"_

oo
e dt + f e x 0dt
1

1

—st
e *idt = f td(e )
-9
0
et 1 - et
=[l—_;-] —f _sdl.
0 0

1 -st ]!
=—=[e"-0]+ l[e__]
s s| =5
R | 2
= a i _aaeiL]
= sz(e )
. e’ e“+1
T s sz 52




e D<tx<]
Example Find the Laplace transform of f(r) defined by (1) =
0 #>1.

Solution. L[f(1)] = f e f(ndt
0
1

= f e ¥ f(ndrt + J e f(r)dt
1

0
1
= f e ¥ddt = f e gy
0 0
_ e =-¢ l___ 1 e—(s-l)_I]_ A
T l=ts=D L s—1 =




Example Find the Laplace transform of the function defined by

sinf O<t<n

fln) = [May 2006]

0 t>n

Solution. L[f(1)] = f e f(1n)dt
0

e~ f(hydr + f e f(r)dt

e sin tdt

I
/

s+ 1

= l(--ssinzr--cos;r)-—

e *
= [ (—ssinf — cos t)]
0

e""+ 1 I +e**
s2+1 241 241

7 l(--ssmO-—cosO) =




Shifting Property - First Shifting theorem
1. Statement. If L[f(1)] = F(s) then L[e=® f(1)] = F(s + a).
Proof. L[f(1)] = jq e f(ndt = F(s)

0
e sol= [ etesid= [ e i

= f e f(ndt = F(s +a) = [LIAD]) 2 0
2. L[e" f(0] = F(s - a) = LIf(D)]s=5-a-




Change of scale property
Statement. If L[/(1)] = F(s) then L[f(ar)] = %F( 2), a>0.

Proof. L[/(1)] = r e f(ndt = F(s)
0

Lif(ar)] = j: e flat)d

|
Let ar = x =>t=£=>dt=—dx
a a

Whenr=0,x=0, when=co,x = 0

S
- L[f(an)] = L e“"f(x);x
s |
. r’o O oyt = LA(%) = RO = s,




Example Find L[e* t‘i]. [May 1996]
. 41 = 7l = /1 = x

Solution. L[ ] = L[t -]S_’s_l = [ S]S_u_l =7

Example . Find the Laplace transform of é. [Jun 2013]
x 71 s e _L - —l

Solution. L[e’] =:Efe "t} = Lt} = [SZL_‘”l = G

Example Find L [e‘3‘ sin? - cos t] [Dec 2011]

Solution. L le'3’ sinfcos t] =L [e""' su;le = %L [e’3‘ sin 21]

2 2\s2+4
1 L 1
(s+32 +4 2465+ 13

Example Find L[e ¥ sin® 1]. [Jun 2008]

Solution. Lle™* sin’ 7] = L[sin® 1], ;.5 = L [l =

s—5+3

] 5—5+3

1 5B ~
= E[L[l] — L[cos 21]]s—s+3 = 2 [; e +4L_,s+3

l 1 B s+3
2|s+3 (s+3)Y+4|




Example Find L[cosh sin 21]. [Dec 2009]
~t
Solution. L[coshrsin2¢] = L e sin 21‘ = % [L(e‘ sin2f + e sin 2t)]

[L[Sin 2’]5—;:-—] + L[Sin 2:];-—)5‘4- | ]

2 2

[SZ 4 4].€—os-l * [32 o 4]3—vs+l]
S 2

(s—12+4 (s+1)2+4
1 1

’(3-1)2+4+(s+1)2+4‘

Example Find L[e* cos 51]. [May 2008]

. 2 _ A} _ s=-2
Solution. L[e cos5r] = L[cos 51];s5-2 = [s2 735 Lu_z 77T Ty

L




- Find the Laplace transforms of (i) cosh ar sinh bz (ii) (1 + re™") .

Solution.

at 4 p—at
i} Lioosh atsmb bt = 1]

2
L[e” sinh bf] + L[e™™ sinh bt]]

sinh bi| = %L[e‘" sinh bt + ¢ sinh bi]

B = B =PI = | -

L{sinh bt];—s—q + L[sinh br]cs.a]

b b
L[m]-‘"'s-a + [m]s—uﬂr]
] b x b ]
(s—a)+ b (s+a)+b)
(i) LI +1e™Y] = L[1 + 3te™ + 3PP + e

= L[1]+ 3L[te”"] + 3L[FPe ] + L[Pe ™)

|
= < #3100 g +3LIP ) + LIP)s

+ 3 + S + G
(s+12 (s+2P (s+3)¢*

1 l 2 6

; & 3[3_2]s—os+l = 3[§.]s—os+2 2 [‘3—4]s—os+3
1

s




- Find L[cosh at cos at]. [Dec 2008]
eV e

Solution. L[coshatcosat] = 5 ¢os at] = %[L[e‘“ cosat] + L[e™™ cos at]]

B | v B s 1D e

L[cos af].s—g + L[c0s af] .

S A
=l ]
( 2442 )s—os-a §2 4+ @2 /s—s+a

s+a
((s a)2+a2) ((s+a)2 +aZ)]'

Example Find L[e *(2 cos 5t - 3 sin 51)]. [May 1999]
Solution. L[e *(2cos 5t - 3sin5r)] = L[2e7* cos 5t — 3¢~ sin 51

= 2L[e™¥ cos 51] — 3L[e™* sin 51]

ey SO o
2s +3) 5

T (+3P2+25 (s+3)2+25




d"
Theorem. If L[ f(1)] = F(s), then L[" f(1)] = (-1)" c_i-s—"[F (s)]-
Proof. We have L[ f(1)] = ’ e f(n)dt
0

F(s)= f@ e f(t)dr.
0

Differentiating w.r.t s we get,
d . .
LFel= [ Ll ol

i j: e S (—1) f(D)dr

—%[F(s)] . fe"'tf(l)dt = L[t f(0)].

Now LIZf@)] = L[z /()] = ~ 5 LIf )]
_id g, i R
= ——( - Z(F(s)) = 1)’ 75 F(s)

In general, L[/" f(1)] = (- l)"%[ﬁ' (s)].




Example Find L[t cosh3{]. [May 1995]

Solution. L[t cosh 3] = -—lL[COSh 3’]} ds R 9] [s“ :sg : ;))z( ZS]
9-s2  §-9

TS (2o (s2-9)
Example Find L[ sin at] [May 2001]

7

Solution. L[’ sinar] = (1) —[L[Slﬁa’]] Fels z a ]

= a-(f—(s‘ +a’)! = a-—[( 1)(s> + a*)22s] = - d

(Sz & aZ)ZI

15 (s> +a*)*.1 = 5.2(s% + a*)2s
) ( (s +a)? )

(¢ +)+a-4s'] L 384 B -d
(s2 +a?)? (s2+a)} (s2 +a?p

=-2a




Example Find L[z cos 31].

Solution. L[r cos 3] = -—[L[cos 31]} = -_[sz + 3
[SZ +9- SZS] Sz -9
(s2 +9)2 (s2 + 9)z +9)%°
Example Find Laplace transform of 7sin2z. [Dec 2010]

Solution. L[rsin2(] = - %{L[sin 21])

-

2
ds|s2+4
d ST
=-Z;[2-(.s"+4) ]

==2.-(=1)-(s* +4)2-2s
_ 4s
T (s2+ 4y

Example . Find L[rsinar].

Solution. L[ssinar] = -:—S{L[sinat]} = —%(Sz i aZ) = -a‘%(s2 +a)
- oy ek 2. 2as
= —a(-1)s* +d*) '2S'_(s2+a2)2‘




N .
d s] s2+at - $2s

; d
Solution. L[fcosar] = -—[L[cos al]] - "E m T TRy

[(sz - 02)2] (s2 - a-)2
Example Find L[sinar - at cos at]. [May 2003]
Solution. L[sinar - atcosat] = L[sinar] - aL[t cos ai]

= - a( L[cosat])
grrra “‘(sz o),
_a +a(s +a%).1 - s2s
T2+ (s + a?)?
a s+ at - 2s a dﬁ—ﬁ) S+atrat-¢

“Wra T(@rdr Td Grdr

(s + d*) |=M+¥F




Solution. L[re”'sint] = ——{L[e“ sin t} = ——[L[sm t],_.,“]

A ET IR T
24+ s=s+l o dsl(s+ 172 +1
d
= —Ez[m] = —(—l)(s +2s+ 2)—‘(28 +2)
_ 2542
T (2 +25+2)2
Example Find L[z sin 3¢ cos 21]. [May 2008]

Solution. L[¢sin3rcos2t] = L|t [ M‘

= _( = i)(L[sm 51+ L[sin1])
Lag 3 :
-2ds 2425 24 1]

—-——-[S(S +25)7! +(sz+l) 1]

Iy =5 25
'§[(s2+25y T2+ 1)2]
(2)[(s2+25)2 (s2+1)2]

. o8 o 4
T (24252 (241




- Example Find L[Fe ' sin21]. [Jun 2013, May 2000]

4
Solution. L[ e ¥ sin2i] = — ’L[ sin 2:]] = i[L[sin 2:],_.,+3]
ds! ds?
& |
T a5+ 32 + 4]
2 ]
T dstls? + 65+ 13
= zi(s2 +6s+13)7!
ds?

= 25—3—[(—1)(.92 +6s+13)72(2s + 6)]

_.d 25+ 6
ds[ sz+6s+l3)2]
d s+3
E[(s2 + 65 + 13)2]
(s + 65+ 13)2 = (s + 3)2(s2 + 65 + 13)(25 + 6)
(s2 + 65+ 13)*
s2+6s+l3 4(s* + 65+ 9)
(s2 4+ 65+ 13y
s2 4+ 65+ 13 — 452 — 36 — 24s
B (52 + 65 + 13)3
-3 -185-23 _ 3s'+185+23
(24 65+ 130° (2 +6s+ 13




Theorem. If L[ /()] = F[s] and if lnm f( ) exists, then L[@] = fq F(s)ds.

Proof. We have, F(s) = L[ f(1)] = r e " f(ndt
0
Integrating both sides w.r.t s from s to co

f F(s)ds = r r e~ f(1)duds = r 10 f e dsdr

f f(l) dl-- f(l)( T —e )t = r e""-f(—t)dt=L[th)-].
0 ! !




L
- Example Find L[lTe : [Dec 2008]

Solution. L[¥]= f” L[l - é)ds = f (%-ﬁ s

= [togs ~togts = [} = log (=)

l \ §
-log(l )S -logl—log(sTl-)

Example Find the Laplace transform of =

-e'lds = f(—— m

= [ logs ~log(s + D)]{" = [log ;-f—l]:o
[103[ 1]] ol e l°g(§{_l')
= log( )

[Dec 2013]

Solution. L




s 2r

Example Find L[—] [Jan 2006]
Solution. L[M] fﬂ L[sin 2/}ds =

=25t 5) = ™ ot {21

=3 -t (3)

= cot™! [%]




| - cosZt] [Apr 2004]

Example Find L]
Solution. L[ cos21] f L[l cosZt]ds

| 2s
=1 -—’ d
08 2.J, s2+4s

= I log s - -;— log(s® + 4)]:0

s-+4

- [log "

V2 +4
R

= log

Example Find L[sm 4 [Dec 2009]

Solution. L[Sm m] r L[sinat)ds = fm e a-

= ozt 2)" =t oo (2)

= g —tan”! (a) = cot™! (a)'




- Find L[°°s‘” el | [Dec 2012, May 2011, Dec 2007]

Solution. Llcosat t cosbt] = f L[cosat -cosbt]ds

=f(s2iaz -szin)ds

= %[ log(s® + a*) - log(s® + bz)]o°

l[lo 32+02]00 llo 32+b~
gl b ] Rl b

Example  Find [|——]| [May 2006]

e-b’]=fL[e"‘-e""lds=fn(sla—sib)ds

e
Solution. L[

S+ap
=11 -1 1
[og(s-l-a) og(s+b)] [ogs+b
i s+b
Bs+a




Vo —e”"
- Find the Laplace transform of ;

t -br _
I f [e" ]ds f(s o= s+b)ds

= [log(s — a) - log(s + b)];” = [log

Solution. L [

S s+b
gs a

Example  Find L[ o |

Solution. L[~ i j‘“z' |= fm L]~ sin2t)ds = f» L] sin 24 .su3ds
s 5

—~fm___2___dg
(s+3)% 422

]S+3)

-22(ta

[Jun 2012]

[May 2007]



Laplace transform of periodic functions

A function f() is said to be periodic if there exists a positive constant 7" such that
f(t+T) = f(1) for all . The smallest of such T is called the period of the function.
Example. sin(f + 27) = sinr. Sine function is a periodic function with period 2x.
Theorem. If /(1) is a periodic ;iJncﬁon with period T, then

1
LYW0) = 7 fo e~ f(1)dt.




Example Find the Laplace transform of the rectangular wave function given
1 0 b

by f(1) = SEE?  ith 28 =D [May 2009]
-1 b<t<2b

Solution. Since f(r + 2b) = f(1), it is a periodic function with period 25b.

2b

2b b
L] = 1-.19-2"’ f e f(ndt = : l f e f(ndt + f e f(r)dt
0

l 3, e-ZbS
b

b
- ﬁ fe—“dl—fe-ﬂd’
— e

l ] e-—s{ b e—sl Zb]

. ] —e2bs |\ -5 /0 -5 'b




l (_l(e-bs_I)+%(e-265_e-bs)

T l-es\ s
F le_m)( —e 4 4o o)
l —bs , ,-2bs
= s(] _e-ZbS)(l -2 +e )
l 2 —bs
= s(l _(e-bS)Z)(l - 2e bs +(8 b )2)
(=P 1 e — oY . nh(bs)
sl et) T s(14e ) (Faed) s \2)




Example Find the Laplace transform of the square-wave function (or
1 when0 <1< 2

Meoander function) of period a defined as f(r) = % 2 [Jun 2013]
—1 when - <r<a.

2
Solution. Since f(7) is a periodic function of period a, we have

a

1
L f(D] = = fe—“f(t)dt

l ot e—as

— f(ndr + f e ™ f(n)dt
$

l_e—as

“'dt+j-e"‘(—l)dll

a
3

0
a
z
[
O
- &
2
e
| O

1 e N\E fouyE
1 — e (—s)o —( -5 )4]

l - —as — %5
m[—(e! —-l)+e -—e»]

m [l — 2e‘g‘ + e"‘"]

T o %

(l _e-gsf - -l' : ea.c = @5

N —4s S eT +e 7
s(_lf—fe"‘.ﬁ‘)(l+e '—') 1 e

_ 1 —e ¥ - _tanh(_)‘
- s 4

s(l - e‘gs)




Example nd the Laplace transform of a square wave function given by

€ forOSng
M) = 2

—e forZ <t<a
and f(r + a) = f(1). [Dec 2011]
Solution. Since f(r + a) = f(1), f(¢) is a periodic function of period a.

SLLAD] =

|
T
n
é
~—
ml
X
g

0
T4 a
l+ﬂ f e ¥ f(ndr + f e ¥ f(ndr
0 ¥
=

Il
i
m —_—
;

a
e Yedr + f e *(—e)dt
3

| O

e [ [ e—51 g P
==I=), 1=,

€ e —as - —5(1-—_6—%
=s(l——e_as)'[—(e T—l)+e —e T] _S(l+e_¥
=2 ¥ +e] g 2t

_ e(l—e‘?)i -
(e ) a—eT)

Il
Im
[
]
o]
-
)
a8
S




Example

€
Find the Laplace transform of /(1) = {

and f(7 + 2a) = f(r) for all .
Solution. Since f(r + 2a) = f(¢) for all ¢, f(1r) is a periodic function with period 2a.

S LLn]

1

) [ e—Zas

| = e—Za.c

1

1 — g 2as

O=sr=a

—€ a<t=<2a

[Dec 2010]

f e ¥ f(n)dt

o

| j e ¥ f(nHdr + f FRoay f(l)dll
L0
J' e “Yedr + f e“’(—e)dt]

o

p= e—5? e-—sr 2a
1 —e2as ( —5 )o a ( —5 )a
= _Ee_zu) [_ (e —-1)+ e—2as _ e—as]

(1l — 27 + e22%)

s{(1 —e %) (1 + e7%%)

e(l — e“")i

s(—e"") (1 + e—25)

e(l —e ™)

s as
_e(e2-e®)

s(l + e25)

as
;“"‘”(?)~

as as
s (eT + e‘T)




Example Find the Laplace transform of the triangular wave function
0
defined by /(1) = g == and f(r) is of period 2a. [May 2015 ,May
2a-t a<t<a

2011}
Solution. Since f(7) is of period 2a,we have

L0 = [ € ftor

0




& st 2
| — g—2as [fe Sndr + ja‘ e-“f(t)dfl
F— l 14 ‘e
= {2 j: e *1dt + j; e *(2a - I)dl]
l e —st
1= ._/:'d(—_s)+ _’j"(?.a— :)d(e_—s)]

l P e—‘“ a e—.ﬂ' —st 2
= ! i e 2a a ,—st
l"’_z‘u'( ‘5)" f -sdt+((za—‘) S)a ‘f : (—dn)]
e BE )
R L - l(iﬂ)a L Y L a
T = e
o s § a 1
| — e2as a — (e =1)+ -+ — -2as _ ,—as
f— 5 s> s 52 (e e )]
= AP i 1 e 1 e . 1 1
8—203 s sze + ;2' 4+ ad4— 4+ —e'zas - __e—as]
1 _,—2as —das —as y Sz 32
= 2‘Mt? = +1]_ 1 | — 2¢72a5 4 o—2as
l e L2 SZ l s e"”[ sz ]
= | (] _e—-as)z B (l —e“")
(1 — e )1 + e7%) 52 T 2.1 + e95)

as as
es =g 1 (a.s')




Example Find the Laplace transform of the half-sine wave rectifier function
sinwt 0<t<Z

defined by /(1) = [ ; [Jun 2014, Dec 2012]

Leopei,
Solution. f(/) is defined in the interval (0, Z)

S+ 2—::—) = sinw(r + %) = sin(wi + 2n) = sinwt = f(1)

. (1) is periodic with period T = 2—”—

w
1 3 1 z
W ke ot ELAG1 = T f S@)e *'drt = - f e "' sinwrdt
el 1-e 5 Jo
1 e~ 5t : z
Tl Z [s2 To3l-ssinwr - wcosw:]]o

1 es -w
S [s2 el e S w? + 52

Il
§|
3
+
>

o(l +e %) w

- (82 + ?)(1 — e BY1 +e2) (2 + w21 — %)




Example Find the Laplace transform of the saw-toothed wave function of
period T given by (1) = -7’-,,0 <1 T,
Solution. Since f(r)is a periodic function of period T, we have

LLf(1)]

;
= j; e f(ndt

1 T 1 SIIDT T
1-e—sffo T T(l—r’r),£ (=)

1 te=s\" Fes
() [

T(l1-e*")'\ =5 /o 0 =S

1 Te*: 1 (e“' )r]
T(l-e>NH)l -5 s 0
1

-5

|
_ —sT -sT
_sT(l—e‘-'T)-—Tes =t - 1)
I 1 I—sT —sT
= = =g P
sT(1-esT)ls s ¢ ]
| -l—-e"’r —sT
- sT(1 = eT) s e ]
1 e-sT

T2 s(1-e7)




Initial value theorem. If the Laplace transform of f(r) and f’(r) exist and

LLf()] = F(s), then }1_%: fln = Sll.ngo sF(s).
Proof. By Laplace transform of derivative of f(r) we have

Ly’(t)] = sLLf(0)] - f(0).
f e ¥ ' (ndt = sF(s) - f(0).
'g‘aking limit as s — co we obtain.

slin; e (ndt = }Ln; sF(s) - f(0).

0
f San; e f(ndt = sl_u.?o sF(s) - f(0).

00 = Sl_l_glo sF(s) - f(0).
f(0) = lim sF{(s).
!il% ()= slg?o sF(s).




Final value theorem. If the Laplace transform of f(r) and /f'(r) exist and
F(s) = LL/()], then lim /() = lim sF(s). [Dec 2014]
Proof. We have L[ f"(1)] = sL[f(1)] = f(0).

ie., f e [ (ndt = sF(s) - f(0).
0
Taking limit as s — 0 we obtain.

lim f e/ (1)t = lim sF(s) - /(0).
0

f 11_1321) e [ (Ndt = !n_% sF(s)— f(0).
0

ff’(t)dt = 21_133 sF(s) — f(0).
0
U015 = lim sF(s) - £(0).
f(29) = f(0) = lim sF(s) - /(0)
S(e0) = lim sF(s)

'l_n.ng JEE) = !1_1}10 sF(s).




Unit Step Function. The unit step function « is defined as

0 ifr<0
u(r) =
1 ifr=0.
u(r) has jump discontinuity at 7 = 0.
0 ifr<a
More generally we define u(r — a) =
1 ifrza.
Laplace transform of unit step function [Jun 2010]

Llu(r — a)] = j:“ e u(t — a)dt = j: e *u(t — a)dt + r e “u(t — a)dt
= f’ e .0dr + f e'dr = 0+ (e—“ )"
(] a —=s:fe

—as

=3 - )
=T[O-e 1= = if s > 0.
Second Shifting property
If L[ ()] = F(5), then L[ f(r — a)u(t — a)] = ¢ “F(s) = e L[ f(1)].
0 ifr<a
Proof. We have u(r — a) =
1 ifr>a




Nowf(t—a)u(t—a)={ 0 Hrse

flt—a) iftrza

SLLf(t = a)ult - a)] = fe'“ St = a)u(t — a)dt
0

oo

= f e f(t - a)u(t — a)dt + f e f(t — a)u(t - a)dt

0 a
a o«
= f e ¥0dr + f e~ f(t - a)dr
0 a
Letr—a=x Whent=a,x=0.
dt = dx When ¢ = oo, x = co.

o

L Lt - a)u(t - a)] = f e ) f(x)dx = f e f(x)dx = f e e~ f(x)dx
0 0 0

o o

=™ f e f(x)dx =™ f e f(ndrt = e F(s).

0 0




Note. The second shifting property can be stated as follows. i
If L[ f(1)] = F(s), then L[f(r — a)u(t — a)] = e L[ f(1)] where u(t — a) is the unit step
function. )

The unit impulse function. For any positive ¢, the impulse function 4, is
L) - u(t -
defined as 6.(1) ={ °© (u(r)—u(t—¢€)), O<r<e

i Otherwise
Dirac delta function. ln_r% d.(1) is called the Dirac delta function, denoted by (7).

.-.a(z)={0’ %0

oo, t=0

0, r1#a
In general 6(r — a) = [




Results. 1. Find L[6.( - a)].
Solution

By the definition, 6,(r-a) = L(u(t-a)-u(t-a-€))ifa<t<a+e [0<1-a<e]

Now, L[5.(t - a)] = % L{u(t-a) - u(t-a-e)]| = é[L[u(t - a)] - Lu(t - a) - €]
i 1,798 e—(a+e)s
= Lt - a)] —L[u(t—(a+e)]] = E[ —_—— ]
~ l e 9" ~ e, e—ss]
B €L S |
L6 (t-a)] = ée“"(l -e %)
Taking limit as € — 0 we Obtai’}s
iy - = fim =S
Llgt-a)) =e*.1 [lim : 'x"x =1]

- e-as.
2. When a = 0, L[é(1)] = 1.
3. One important property of Dirac Delta funtion is fm [(0)é(1 - a)dt = f(a).
0

L

J




2 2%
Example  If () = { ;°s (1= o> 3 find L[/()). [Apr 2010]
N I < e o

cos(t-F), 1> %
Solution. Let g{r - = :
ution. g(t ) J() = IO, t<%"—

§

s2+1

Now LL/(1)] = L[ (- ?)‘ = e Lg(0)] = e Lcos ] = ¢

Example Find L[(1 - 1Yu(t - 1)].
o2 2eEE

Solution. L|(1 - 1)\’u(t - )] = e *L[F] = e~ = = —

Example Find Lle *u(r - 1)].
Solution. L{e *u(r - 1)] = Ll "Vt - 1)] = Lle ™"z - 1))

| e (4+9)
— =S ~41q _ -4 - .
e'e 0" It s+4  s+4




Example Verify the initial value theorem for the function 2 + 3 cos1.
Solution. f(r) =2 + 3cost

LIf(1)] = L[2+ 3cost] = 2L[1] + 3L][cos 1]
| K
= 2; i 332 +1

2 35
= -
s+s2+l (5)

lirrsf(t): lin8(2+3cosr) =2+3cos0=2+3=35.
— I—

s lim sF(s) = lim s(%-!- 28 )= lim (2+ 3s” )

§—s00 5= \ 8 241

( Sz
=2+ 3Im N
"""’\sz(l + =5

f
=2+3 lim l ]=2+3=5.

s—ool ] + =
i 0 = Jim 5F(s.




- Verify the initial and final value theorems for the function

(1) = ae™. [Jun 2013, May 1997]
Solution. Let /(1) = ae™

LYW = — = F(s)

bt

iy /) = g =
as
sll.!?oSF(S) }Ln; s+b sl—wo s(1 + P;) =

S hm () = lim sF(s)
1—0 §—c0
Iim f(7) = lim ae™® =0
S0 —0

lim f(r) = lim ae =

{—o0

as
llm sF(s) = ll o m =0
Im f(7) = lnm skF(s).

{—o0




- Verify the initial value theorem for the function

()= 1+e '(sint + cosi). [Jun 2012, Dec 2010, Jun 2010]
Solution. Let /(1) = | + e '(sin7 + cos ).

LIf(D] = L[] + e (sint + cos1)]
= L[1]+ L[e '(sin? + cos1)]

1 g
== L[sin? + cos]s—se1

+ L I + 2
s+l 2l

1

s

1+|m]

s 241 .
1

s

s+2

o 2 e e
(5) G+1P+1
lingf(t) &= lirg[l +e'(sint+cosnN]=1+1=2.
— I—
; : s(s+2)
F(s)=1 l+ ——m8M8M8M —
}g‘;s (5) Frov| (s+1)2+1
s2(1+2) 1

=14 lim ———2
§=900 S‘(l+;:)2+:5

=1+T=2.

~lim (1) = lim sF(s).




Standard Results

1. I[1]= l = L-'[l] = 1.

2. L[e"]= — =>L“[ -] = e,

3. Lie™] = Sla = L"[s+a =€

4. L[1] = 3—2 = L"[;lz-] =1.

5. L["] =

n!
g+l = L—l[

Sn+l] e

6. Licoshar] = — 1:‘[ az] coshat.




a

. 4 _' -
7. L[smmhat] = P B =1L [s2 = 02] = sinhat.
ad -1
8. Llcosat] = —— ST 5 =L [ z+az]-°°w"
a
- . _l Lt S
9. L[sinar] = e =LK [.92 i sinat.
10. Lftsinaf] = (s2+a2)2 =i S2+az)2]-tsmar
2 .09 - SO
s —-a _if §°—a
11. L[tcosat] = 1P =L l[(sz +az)2] = fcosat.




Basic theorems
1. L7'[aF(s) + bG(s)] = aL~'[F(5)] + bL™'[G(s)] where a and b are constants.
Shifting theorems
2. (1) If L[ f(n)] = F(s), then
Lle™f(1)] = F(s +a)
= L'[F(s + a)] = e (1) = e L'[F(5)]
(1) L[e” f(1)] = F(s - a)
= L '[F(s - a)] = ¢ f(t) = "L [F(s)].




| | S ]
s+4 s2+4 T ool

. _ar.1 |
Solntlon.L'[§+s+4 s-+4 9]

= 5] L-'[M] ]+

=t+e ¥4 L"[

Example  Find 7[5+ [Jan 2008]

T 4]+cosh3l

2 l
=t+e ¥4 Esm21+cosh3t.

Example Find L"[s2 —33+4]

Solution. £/~ 214 L2, s3] ol o Y PRTRL R
=1-3:+5L-'[s—3]=1-3:+2r2.




Example Find L"[B;:;].
Solution. L"'[3s +5] = -'[82 ] %sth

. 9cos3t+5sm3t

= = :
Example Find £'[322]
Solution. L"[ifji =37 [5—] +L"[szz_4] = 3 cosh 2t + sinh 2.
Example Find L~ lla-sz ~i2)

I- s | I- s 1

Solution. .~ I[G“SZ_-l-b“]- l[aZ(SZ+b )]— — lls2+§]=a—-008( t)
Example Find L~ l[(s — 3)5]
Solution. L"[(s - 3)5] e”L"[ 6::14 = %




Example Find L"[

(s+6)3]
- 6-6 o _1[S—6 ] a1
o= ] e [50 = e ] - o [

= e - grz] = e %[1 - 37].

Solution. L"[

Example Findl:;"[&_2 _s;;i 13]' : 5
= s+ = s + - il
Solution. L l[sz-4s+ 13]‘L l[(s—2)2+ 13_4]=L l[(3_2)2.,_9]
$—=2+2+3
=1 [ -
(s — 2) +9
- ar 5
-eZ'L‘[ ]+L'[SZ+9"

= ez'[cosh + -;-smB:].




Example Find L[ ———]

Solution. L[ s———] = -'[(s_z)zs+5 al= L-l[(:——zz);fl]
w2
=g+ 2

= ez‘[cost+ ZSint].

Example Find L' [Dec 2010]

[sl +4s+2"

Solution. L'

1
l32+4s+2] (S+2)2+2 4] [(S+2)2 2]

= e—ZIL-l [—2 = ( \/5)2]

L—l

5
!:'

4

R

[sZ-(\fz‘)Z]
= £ _ sin(V21).

S




. b 253
Example Fl;dl. l[s-+4s+ 13] AT
. -1 = -1 =

Solution. L [ Tt 13] I(S+2)2 13- 4] [(s+2)2+9

L B R o P B P

7 e

. e"'[Z cos 31 - 5 sin3t] = T[6 cos 3t — 7 sin 31].

Example  Find L-l[(“z)z — | [May 2007]
+2-2 £ -2
Solution. Ll[s+2)2+1]- (;+2)-+l] “L l[:2+1l
) o s l
e ‘[Szil]-zz. 5]

= e ¥[cost - 2sin].




=1
Example.  Find L7| = 3)~]3 3 3 [Dec 2009]
. = L- S+ SRE AR | I
Solution. L l[(s+3)2]= '[ G1Ip ]=e Lo § llT
B T ol (SN O (R
oG L P | R o B |
=e 1 - 34].
-1 5 s+3
Example Find L [(s e (s—2)2+25+(s+3)2+36]° [Dec 2007]
Solution. L"[ l 2 i +,3 ]
-3¢ (-27+25 (s+3)7+36

x = 5y s+3
3 l[(s 4)5]+Ll[(s 2)24-25]+ ][(s+3)2+36]
= [ ]+ 2 ]+ e ]
—e“‘—+ez’sm5t+e "cos 61

4!
-e‘“é-&-e sin 51 + e~ cos 61.




Example Find L

% 1
[(s + s+ 3)]‘8

BblaHo et e bk T 543

l=A(s+3)+ B(s+1)

Puts=-1,1=24= 4= 1.
Puts=-3,1=-2B= B=3.

1
1 3 3

“G+1Ns+3) s+1 543

L
2
+

4 1 = 3
l[(.s°-i-l)(:;+3)]=L l[s 1 _s+3]

s = ¢ -

=37 51327
sl 5

=5(e'—e3‘).

[May 2008]



Example Find L'l[

s(s + 3)3] [Nov 2005]

Solution. Let ! é + ¢ + D .
s(s+3) s s+3 (s+3)2 (s +3)

I = A(s + 3)° + Bs(s + 3% + Cs(s + 3) + Ds.

When s = 0. 1—27A=>A=-l-

27

Whisii i< -3, de-iDisiie —.

3

Equating the coeff. of s° we get

O T ey

27
Equating the coeff. of s*> w :

94+ 6B+C=0 S(S+3)3

2!7 | | |
i
8 B l
9x 55 +6(37) +C=0 Ll[s(s+3)3] 7 l[] 27[s+3 slzapl 3l
|
27

. R
543 (s+3)2 (s +3)

1 Lok

27 - Ve, e =30 -Srt -3t__

3 rin 7 27" 57 o.an g
27 ' 1 3 o3 P




2s+ 1 ]
(s+2P2(s—1)2F

A B G D

- + + .

(s4+22%(s=1)2 s+2 (s+2P s-1 (s=1)72

_A(s +2)(s — 1Y + B(s — 1)> + C(s — 1)(s + 2)* + D(s + 2)*

& (s+2P(s - 1)
L25s+ 1= A(s+2) (s = 1P +B(s = 1 + C(s = 1)(s + 2)*> + D(s + 2)*.
When s = -2 When s = |
9B=-3=B=—1. OD=3=D= .

Example Find L"[

25+ 1

Solution. Let

3 3
Equating the coefficients of s° we get
A+C=0. (1)

Equating the constants we get

244+ B-4C+4D =1
| 4

Y- | —=1
24 3 C+3

24-4C+1=1
24-4C=0




A-2C=0. (2)

(1)-2)=3C=0=C=0.

(1) =:4'=0.

_ 25 + 1 -1 1

s+ 2Y(s-1) (s+2)2 (s—l)2

ap__ 25+l 3 1 1,

Now, L | o SR T~ 5™ [(s+2)2] L [(s—l)~]
1 ez <t

S l[szl 3 L l[32]
__l -2t Pt 220 _ o2
==ge t+38’t—3(e’ s




S55s+3 ]
(s—INs2+25s+5)F
Solution. Let S = A + Bs+C
(s—1)s2+25s+5) s—1 s2425+5
Ss4+3=A(s2+25+5)+(Bs+C)s—1)

Puts=1=84=8=A4=1.

Example Find L"[

Equating the coeff. s>’ = 4+ B=0= B=—1.
s=0=2>M4~-C=3=5C=5-3=2.
(s — 1)(s52 +2s5s+5) s—1 s2425+5

// svpell s—2

=€ =L _(s+l)2+5—l]
—e'—L"'( s+1-3

= (s+1)2+4

= o & copr ] I
=é—e'L [324-4]

= —ef [cos 2r — -;— sin 2:]

-
= - ""7[2 cos 21 — 3 sin 27].




352 + 165 + 26

. it

Example Find L [S Z+as+3)| [Dec 2013]
324+ 165+26 A Bs +¢

Solution. Let

s2+4s+13) s S2+4s+13
357 + 165+ 26 = A(s” + 45 + 13) + (Bs + ¢)s.

When s =0,134 =26 = 4 =2.

Equating the coefficients of 52
A+B=3

2+B=3

B=1.
Equating the coefficients of s
44+ c =16

8+c=16

c=8.

3s24+16s+26 2 s+ 8
= — 4 .
s(s2+4s+13) s s2+4s5+13




= -
s(s2 +4s+13) s 2445+ 13
| s+ 8
_~r-1]2 -1
e P
s+2+6
(s+2P+13-4
s+2+6]

L_,[3s2+16s+26 —L"[z s+ 8 ]

=25 gt

= L—l
2L G+ 22 +9

=2+e L7 |5
43

= -2t |y -1 o a3
SR IL (7s) 2 (s2+9)]

=2 + e ¥[cos 37 + 2 sin 31].

s+6]




‘Results

1. X L7'[F(s)| = f(1) and f(0) = 0 then

d
L7[sF)| = 'y = =110 = %[L”'[F(s)l].

In general L~ ‘[s"F(s)] M@ if f(0)=0= £ (0) =--- = f"0).
ie., L7![s"F(s)| = —[L"[F(s)]]

2. If L7'[F(s)] = f(:) then L-'[@] = f' f(o)dr = j: L~ '[F(s))dt
Similarly, L (s)] f f N F(s))ddr.

3. We know that L[t/(1)] = —Z[ f(5)] = —=F'(s).

L"[F’(s)] = —1f(1) = -tL"[F(s)].




Example Find L“'[ [May 2008]

wazrnal

Solutmn'L"[—'a).—m] Ls (st_)z‘ﬁ] dt( (_st')5+_4])

( _22: _l[s2+4 )
(eZ —l[s2+4)

(e_ sin 2:)

e 2 cos 2t — 2¢™ ' sin 21)

] R R EI‘“-

I
—-
"\

-2

2\¢
= e “'(cos 2t - sin21).




=
Example fzmd L [(S 1)4

Solutlon.l-"[s_ )4]' —l[ s — 1)4] dt( l[(s l)"])
=%(L"[s(:_ll—)4l]) (’L |[s+l )
Gt )G )
-Gl g+ ) - gGwod e

= %(e‘(& +30)+ (37 + :3)) = 3(61 +6 +1).

] [Dec 2008]




Example Find L"'[ ] [Nov 2009]

sz(s + a)

F() 1

] where F(s) = —— L"[F(s)] =e™

= f f L7'[F(s))dtdt
| [ e

Solution. L"[

s3(s + a)]




Inverse Laplace Transform of Logarithmic Functions

(Worked Examples)

Example Find L"[log l;s]. [Dec 2009]
Solution. Let F(s) = log S;l =log(s + 1) —logs® = log(s + 1) - 2log s
1 2
K= s+1 s
we know that L[if(1)] = —F'(s)
_ _[L ” E] et g L
T ly4l sl s s+l
gzt f2 _ TE T Rl al 1
tf(t) =L [S Tt =21 L i
tf=2-¢"
2-¢"'




2
Example . Find L-'[log si i "2 ] [Jun 2002]
2 S - b
Solution. Let F(s) = log = = :2 = log(s? + a*) — log(s* — b%)
2s 2s
F(s)= s2+a2 s2-p°
2s 2s
F@) = s2+ad 2 - b2
-1 _ e | R _ -1 S
o= (] 2]
—tf(1) = 2cosat — 2 cosh bt
) = %(oosh bt — cos ar).
Eeamplo Find L~'[ log - : ! [Dec 2013]
Solution. Let F(s) = log ':t : =log(s+ 1) —log(s— 1)
1
HAS) = s+1 s—1
We know that
| 1
LI = —F/(s) = —— + —
. e | i S S SWORST ke G s | I S R Wt
=L [s-l s+ l]_L [s-— l] £ ls+1]_e’ 2

e —e’
.

LMD =




Inverse Laplace Transform of inverse Trignometric Functions

Example Find L"[tan“l ‘;]
Solution. Let F(s) = tan™' (;)

F(s) = — (=) _i.(:‘i)=_ @

2'\s! T Zra\s? s+ a®
l+—2
s
&
We have L[1f(1)] = —F'(s) = ey
tf(t)—L"[sz+ 5| = sinar
f()_smat




Example  Find L' [cot” ()] (May 2008]
Solution. Let F(s) = cot™' (S%)
e :ﬁ—‘m((s :21)2) "G+ 12)2 ¥4
Luf0] = -F) = =y
tf()=L"[ - ﬁ] = —e”'L"[-s%] = —e~'sin21.
_,sin 21‘

f(t)=—e




Inverse Laplace transform by the method of convolution

Convolution. Let f(r) and g(r) be two functions defined for all 1 > 0. The
convolution of f(r) and g() is defined as

(f+8)0) = f(1) + &(1) = j: Fw)elt

Convolution theorem. If L[f(f)] = F(s) and L[g(r)] = G(s) then L[f(r)  g(1)] =
F(5).G(s). Also L'[F(s)G(s)] = f(1) 8l0)= L'[F(s)] # L7'[G(s)].




Example Using Convolution theorem find L~

1
l [(s Ta)s + b)‘ [May 2011)

Solution. .~

i 1 . 11
(s+a)s+b)| (s+a) (s+b)

N _,' | e |
wd _(s+a)] 5 [(s+b)

= e—at - e—bx = f e~ . e—b(r-u) du
0




b—l-a
~br+bt—at —bt
- e
la —aft bt
=b-a[e =5 ]




Example Using convolution theorem,evaluate L"l 7 l)l(s T2 ]

[May 2007)

1 1 1
(s+1)Xs+2) s+1's+2

Let F(s)= and G(s) =

Solution.

1
s+2

J= L"[F(s)G(s)] L' F(s)] = L7'|G(s)]

=T l[:;-4-1 —l[s+2

f -2(t-u) du = f e e-ZH—Zu du
0 (]
f e Xty = f ~2 e du

2= -1)=e" -2

=1
[(s + 1)(s+2)
-2

=e'xe




Example . Using convolution theorem,evaluate L"[ T l)(l T30 ]

l 1 1 l | [Nov 2004]
Solution. L"[(s+ VER l)] =L R l] = L-I[m] . L-l[sz + 1]

=¢'ssint = f sinwe " dy
0

- f sinue ™ du = f sinue™"e"du
0 0

& f
-t : = o | (it 1t —
=e j:e"smudu-e [2(smu cosu)]o

= %—,[e’(sint-cost) B I] = %Isint- cost + e"].




Example Find L"[

i 02)] using convolution theorem. [Jun 2008]
| R

(P-) 5 L-a
Let F(g):-;- and G(s) = )
|

Solution.
|
0

| = L' [F5)6(9)] = L"[F(s)] «L7Gs)|

|
s(s2 - a?)

- L-l[%]*L- =]*- smhal

Tzl

= ‘-llf;sinhau.ldu= :(COS:W) - lz(coshat- 1)




§2

Example Find L"[

PV bz)] using convolution theorem.
s.
[Dec 2015, Dec 2014 Jun 2014, Dec 2010, May 2003]

et
(s2 +a?)(s? + bz)] s2+at 2+ bz

=1
s * L [32+b2 = cosat = cos bt

cos aucos bt — u)du = cos au cos(bt — bu)du
0 0

[cos(au + bt — bu) + cos(au — bt + bu)}du

Solution. L~ 'I
= L_l[

B | sl | sb D | e 1D | e

-s?n(au+bt—bu) % sin(au — bt+bu)]

. a-=b

-sin art smbl sinat smbt]

La - a-— b a+b %+b

b +a_bsmat-r = smbt]
2 -5 Py

1 — bsinbt
I2a sinat — 2b sin bt] = & sm:zt bzsnn

T )




Example Find L™ | ——

] using convolution theorem.
[Jun 2012, Jun 2010, May 2008]

(s2+ 02)2

1
Soluti §
ution. Let (sz+az) s2+a2's2+az'
. F(5) = 5—5.G(9) = '

st +at
] = L"[F (S)G(s)] = L' F(s)+« L' G(s)

L-l[(sl + aZ)Z




=1

sin af
a

]=OOSGI*

. 3oy &
[(sz-i-az)l [(s2+02)
= - f cosausina(t — u)du

aJo

1

% j: 2 sin(at — au) cos audu

1
= {sin(at — au + au) + sin(ar — au — au)}du

— sinatdu + f sin(at — 2au)du
= 0 i

cos(ar — Zau)] ]
0

U sinar + -21;1-(cos(—at) — cos at)]

o~ it 1
rsinat — ZO] =

!
~ ¥

sinat(u);, — [

3 Kt it Y

tsinat
2a




Example Using convolution theorem, find L"[( e ; e ]
[Jun 2013, May 2006]
4 4
. = | oot e L aty=1
Solution. L [(sz++2s+5)2] =1L [(s+ 1)2+4)2] ) [_(s2+4)2] (1)
=1 - 7-1 =7 1!
Now, L [(s2+4)2] [s2+432+4] [524.4] [s2+4
=sin2r*sin2f = f sin 2u sin 2(t — u)du
0
= % j: (cos{2u - 2t - u)} - cos{2u + 2t - 2u|)du
= l f cos(4u - 2t)du - f cos 21du]
2L Jy 0
| sin(4u - 21
=5 (L4_)); - cOos Zt(u)a]
lysin 21 sin 2: stt
=215 2] —toole].




Solution of linear second order differential equations

(Worked Examples)

Example Solve y” + 5y' + 6y = 2 given y’(0) = 0 and y»(0) = 0 using Laplace
transform method. [Jun 2013]




Solution. y” + 51" + 6y = 2.
Taking Laplace transform both sides we get

LIy"]1+ SLIY] + 6L[y] = L[2]
sTL[Y] = sW(0) = ¥ (0)+5[sL[y] — W(0)] + 6L[y] = 2- L[1]

LIy][s® + 55+ 6] = %

2
= =526
2
K s(s+2)s+3)
_..L—l[ 2
2 s(s + 2)(s + 3)
2 4 B C

s(s+2)s +3) = ;+s+2+ s+ 3
_A(s+2) s+ 3)+ Bs(s+3)+ Cs(s + 2)

s(s+2)s + 3)
LD2=A(s+2)Ns+3)+ Bs(s+3)+ Cs(s + 2).




Whens=0.64=2=4= -

When s =-2,-2B=2= B =-1.

Whens=—3,3C=2=,C=§.‘
2 _l 1 | +2 l
s(s+2)(s+3) 3 s s+2 3 s+3
_ z-1
Semoi=is s(s+2)(s+3)l
Lotz
3 s §+2 3 s+3
:-l- 'l
3 s+2
=y s 2o
3 *gF
1 2
Y=§—e"2'+§e'3’

1

2
L—l
3




Example Using Laplace transform, solve the differential equation
V" — 3y — 4y = 2e~* with W0) = 1 = y/(0). [Dec 2010, Jun 2010]
Solution. y"”" — 3y — 4y = 2¢7".

Taking Laplace transform both sides we get

LY’ =3LY']—-4Ly] = 2L[e"]

2
LD = 9(0) = ¥/ (0) = 3[sLDy] - W0)] - 4LDY] = —
2
SLD]—s—1-3[sL] - 1] - 4L = —
LIS - 35— 4] -5~ 143 = ——
2
LS~ T =i =y
LyI(s—4) s+ 1) = si—l+s-2
24 (s+I)s-2) 2+57-5-2 -5
= s+ 1 = s+ 1 T o541




2

st—5
(s+1D)(s=4)(s+ 1)
s2—§

T (s- 4)(s+1)2‘
L‘[ =%

Y=t le-aG+ 12|
. -5 _ 4 . B 4 &
(s—4)(s+ 1P s-4 s+1 (s+1)7
A(s+l)2+B(s -4)(s+ 1)+ C(s-4)

(s=4)(s+ 1)
S -s=A(s+ 1P +B(s-4) s+ 1)+ C(s - 4).

Ly] =

When s =4, 254 = 12=>A-;§
Whens=-1,-5C=2=>C-—§.




Equating the coefficient of s> we get

12 12 13
A+B= I=B+B | = B= I—E B

e A . 13 1 2 |

Nawy =Lt ’(s 4)(s+l)-

_pafl2 B o120 1
" 25 =4 25 s+1 5 (s+1)
_12 4t ~t -1

-259 + e e Le Lz]
sty Ee"‘ Zte™!




Example Solve di - 4?” + 4y = siny, if % =0 and y = 2 when 7 = 0, using
Laplace transforms. [Dec 2011]
. d’y  dy .
Solution. — 7 +4d + 4y = sin /.
Taking Laplace transform both sides we get
d’y

L 42] 4L[ ]+4L[y]—L[smt]

1

SPLIY] — sW(0) = 32607 + 4sLIy] — 1(0)] + 4LIY] = 55—

sLIy] — 25 + 4[sLDy] — 2] + 4LDy] = 2 :- I
1

s2+1

Lyl[s* +4s+4] -2s-8 =

+25s+ 8

> 1
LDNs +2)° =

1 4+(2s+8)(s2+1)
s?+ 1
1425 +25+ 85+ 8

s2+1
Zs3+83~+2s+9

s2+1
L[y]-zs +8s2+25+9
T (s +22(s2+ 1)
_ 125 +87+25+9
Y G+222+ 1)




(2548242549 A4 B Cs+D

= - -
(s+2%(s2+1)  s+2 (s+2P2 s2+1
_A(s+2)(s* + 1) + B(s? + 1) + (Cs + D)(s + 2)*
- (s +2)(s2+ 1)

228 4857 425+ 9 =A(s +2)(s7 + 1)+ B(s> + 1) + (Cs + D)(s + 2)°.

When s=-2,5B=21=B= 25—1

Equating the coefficients of s°, we get

A+C=2. (1)
Equating the constants we get

24+ B+4D =09.

24 + -25—1- +4D =9

2A+4D=9-—%=? (2)

Equating the coefficients of s> we get




24+ B+4C + D = 8.

2A+25—l+4C+D=8

2A+4C+D=8—ﬂ

5
24+4C+ D = 15—9

From (1),C =2 - A.

(3)=>2A+4(2—A)+D=15—9
2A+8-—4A-4—D=152

19

7O )

I

21

ZA—D—?.

24

@-@=5D=2

3

21
_8=—.—.
5

21 3
5 5

3)

(4)




ZA—?-Q-;:g
A=?12 2
C=2~A=2~—==2
257 +8s2425+9 12 1 21 1 2 s 3 i

G+DA2+D) & 535+2 5 G+2P 5241 52+1

3
Kawys Lt 2s +8322+2.s'+9

(s+2%(s*+ 1)
spifid L. 2, 1 .0 i .8 1
e 5542 5 (s+2P 55241 55241

S L et Al f 1.2 450 3.8 5 1
gt [s+2l+5L [(s+2)2] 5 [s2+l]+5L [s2+l]

12 21 1 2 3.
= —5-8-2' + —5—8-2'[.-1 [;5] — gCOSl B '5- sinr
= _l_2_e_2, + g-!-e‘z’l — Zcosi+ g-sint.

5 5 5




Example Solvegz—+4%+8y=c052:,y=2an % = 1 where = 0.
[May 2002]
d’y dy
Solution. The given differential equation is —=- = T 4E + 8y = cos 21
Taking Laplace transform on both sides, we get

dzy
d2

s"L[Y] — s1(0) — y/(0) + 4[sL(y) — W(0)] + 8L[y] =
SPL[y] - 2s— 1 + 4[sL(y) - 2] + 8L[y] =

s
s2+4

] 4L[dy ] +8L[y] = L[cos 21]

s2+4

s +4

Lyl[s* +4s+8]-2s—-1-8=

LV[s* +4s5s +8] =25 +9 +

s+ 4
(2s+9)(s +4)+ s
s2+4




257485 +9s2+36+s 257+ 957+ 95+ 36

s+ 4 s2+4
25> + 957 + 95 + 36
L= (s2+4)s2+4s5+8)
_L_,[2s3+9sz+9s+36]
== IZ+as2+as+ 8) )

25 +9s +95+36 _As+B _Cs+D
(s2+4)(s2+45+8) s2+4 s2+45+8

25° 4957 + 95 + 36 = (As + B)(s* + 45 + 8) + (Cs + D)(s* + 4)
Equating the coefficients of s° we get

A4+ C=2. (1)
Equating the coefficients of s> we get
44+ B+ D =9. (2)
Equating the coefficients of s we get

84 +4B +4C = 9. (3)




Equating the coefficients of s we get

S84A+4B+4C =09.
Equating the constants we get, 88 + 4D = 36
2B+ D =09.

(3) = 84+4B+42-4)=9  [using (1)]
84+4B+8-44=9
44+4B = 1.
(2)=44+B+9-2B=9  [from (4)]
44-B=10
B =44

(5)=4A+4(4A)=1==>20A=1=¢A=L

20

(3)

(4)

(5)

(6)



I 1
(6)=B=4E='5-.
1 39
2 43
#)=D=9-2B=9-%=—.
253 +952 +95436 _ mS+3: S+ %

2+ d)(2+85+8) 2+4 2+4s5+8

N sre g | 25 495" 95436 ] . 355+ 3 gl Bs+ %
3 (s2 +4)(s> +45 + 8) s24+4 s24+45+8




| | 39 |
5l b el e bl 8

20" |+4]75 [s2+4 20" |?+as+8l" 2145+ 8
= -l-c052:+—l—-sm21+——l.‘ 43 ) 85

20 10 (s+2)2+4 (s+2)2+4
N | | 39 g2 §s=2 43 gy |
-200052t+losm2:+20 L [s2+4‘+ Se il aa
& | | 394 39 4 43 ;

200052:4- l0sm?.t+20 cos 21 20 sin 2t + 5e 2 5in 2t

| | 39 47 2
= %COSZI-O-'I—OSMZP{- 2—0-e 20082 4+ — 20 sin 21.







