UNIT V: COMPLEX
INTEGRATION




‘H!FOHUC!IOH !O Comp‘ex m!eqra!lon:

Contour Integrals (complex line integral):
Let f be defined at points of a smooth curve C

givenby z=x(t) +iy(t),a<t<b

The contour integral of f along C is

f(z)dz = lim f(er)Az,
! n_)oo; k)BZy

where € is the arbitrary point in the arc zj_1zy.

Evaluation of complex integrals:
Generally, a complex integral is expressed in terms of two real
Integrals and evaluated.

If f(z) =u+ivwherez=x+iy=>dz =dx +idy

f f(z)dz = f (u + iv)(dx + idy)
C C



J f(z)dz = j (udx —vdy) +1i j (udy + vdx)
C

C C
Simply connected Regions:

A region R is called simply connected, if any simple closed
curve in R can be shrunk fo againt,

Multiply connected Reqgions:
A region R which is not simply connected is called multiply
connected.




Statement and application of Cauchy’s integral
theorem & inteqgral formula:

Cauchy Integral Theorem:

If f(z)is analytic & f'(z)is continuous inside & on
a closed curve C,then [.f(z)dz = 0.

Problems:
3z°+7z-1 :
1. Evaluate | ; d Z+_ZZ dz where C is the curve
z| =1
Solution:

Given|z| =1=>x*+y? =1
This is a circle with center (0,0)& radius 1
Here f(z) =3z +7z—1
Equating denominator to zero,
=>z—2=0=>|z=2




. N

This point lies outside the circle |z| = 1 >
=~ The function is analytic inside the circle N
-~ By Cauchy Integral Theorem, P
3z°+7z—-1 i
f dz =0 ?
c zZ— 2
2. Evaluate | —225> a7 where C is || =
. vauaeJ(Z_l)(Z_z) zwnere lSZ—2
C
Solution:
Given | |—1—> 2+ 21
Z| = 5= X y =2

D | —

This is a circle with center (0,0)& radius ™ = -IC

Here f(z) =2z +5

NV
Il

N
Il

2 X
1z=2

o =



Equating denominator to zero,
=>z—1=0,z—-2=0

=>z=1,z=2

Both the points lies outside the circle |z| = %
. The function is analytic inside the circle
=~ By Cauchy Integral Theorem,

2z +5
) C-Dz-% "

0

4z%—6z+1
3. Evaluate [ —2—22

- dz ,C:lz—1| =2
z—4
Solution:
Given|z—1|=2=> (x —1)?+y? =4
This is a circle with center (1,0)& radius 2

Here f(z) = 4z° — 6z + 1



Equating denominator to zero,

Y
=>z—4=0=>|(z=4
This point lies outside the circle |z — 1| = mzw

~. The function is analytic inside the circle——=—= K 2 n

=~ By Cauchy Integral Theorem
f 474 —6z+1 2

dz=20
z—4 ”
C

Cauchy integral formula:
If f(z)is analytic inside & on a closed curve C &
'a'is an interior point then
1
fla) = [@ 4,

21l ) z— a
C




!ro!‘ems:

Y
1. Evaluate |, ZZZ_+22 dz,C:|z| = 3 using CIF 3
Solution: i
Given |z| =3 =>x%?+y? =9 !
This is a circle with center (0,0)& radius 3 2
Equating denominator to zero,
=>z—-2=0=>|z=2
This point lies inside the circle |z| = 3
. By Cauchy Integral Formula,
1 [ f(2)
fla) = Znic Z—adZ
Here f(z) = z* + 2and a = 2
S fla)=f(2)=4+2=6

2| =3




.fzz+2d — 2mif(2)
S R z = 2mif
C

= 2mi(6) = 12mi

z% + 2 _
f dz = 12mi

Z—2
C
Z+1 .
2.Evaluate | — 82 Cilz+ 1410 =2
using CIF
Solution:

Given|lz+1+i| =2
=> (x + 1)*+(y + 1)*=4
This is a circle with center (—1, —1)& radius 2
Equating denominator to zero,
=>z2+4+2z2+4=0



—2++V4—-16 Y
=> 7 = 2 B
_ —2+2v30 V3 |
—> Z = 5 — _1 + 3l /—\\z+l+i|=2
Here z = —1 ++/3i lies outside |z + 1 + i = | (_;__1)_1 '
&z=—-1—+/3iliesinside |[z+1+i| =2 o a
=~ By Cauchy Integral Formul 3
[
f(a)__an Z—-a

.j' z+1 g _j z+1
)22+ 2244 [z— (-1 +iV3)][z- (- 1—1\/_)]
z+1

da=-1-+3i
Z——C—1+iV§)an i l

Here f(z) =




+ fa) = f(—1—+3i)

. —1-4Bi+1
 —1-3i—(-1+iV3)
_ —V3i
C—1—V3i+1-+3i
V3@ 1
T _2v3i 2

fzz JZrerzl+ 2 dz = 2mif (=1 - V3i)

C
=2ni1=ni
2
z+1 ]
'.°szz+22+4dzznl




2 : 2
3.Evaluate [ == PSIMTZ dz,C:lz| = 3

¢ (z-1)(z-2)

using CIF
Solution:

l2[=3

Given|z| =3 =>x*+7y%2=9
This is a circle with center (0,0)& radius 3
Equating denominator to zero,
=>z—1=0,z—2=0
=>z=1,z=2
Both the points lies outside the circle |z| = 3
. By Cauchy Integral Formula,
1 [ f(2)

fla) = 21Tl Z—adz

A B ¢
D@2 21 72

1=Az—-2)+B(z—-1) - (1)
subz=1in(1)=>1=4(-1)+0

Consider




=>[4=—1
subz=2in(1)=>1=0+B(1)=>[B=1
1 ~1 1

(Z—1)(Z—2)zz—1+z—2
2

cos mz% + sinmz
Now, dz
C

(z—-1)(z-2)
B fcos mz% + sin wz2 N f cos mz? + sin mwz? J
B z—1) ‘ z—2) ‘
C
— _11 + 12
Consider I, = [, stz tsinmz” ;,
L= Jc (z—1)

Here f(z) = (cosmz? + sinmz?) anda = 1
“fla)=f(1)=cosm+sint=—-1+0=-1
jcos nz? + sinmz?
11 —

(z—-1)

dz = 2mif (1)
C



11 —_ _Zﬂl
: cos mz?+sin mz?
Consider I, = . o
Here f(z) = (cosmz? + sinmz?) and a = 2
W fla) =f(2)=cosd4mr +sindn=1+0=1

. j cos mz2 + sin mz?2
L1, =

dz = 2mif (2) = 2mi

(z—2)
y coswz? + sinmwz? P
(z—1)(z-2) 1ol
= —(—2mi) + 2mi = 4mi

cos 1Tz% + sin wz>

Z—1Dz—2) dz = 4mi




Taylor Series:
If f(z)is analytic at all points inside C,with it's centre at a
point'a’ & radius R, then at each point inside C,

— — )2
f@) = f(@+ 21 (@ + 557" (@) + -
Note:
Suppose if the region is given as |z| < a,then change it as

Z i .
- < 1, since for less than 1 the series converges fast.

We will use the following formula:
1.(1+2)t=1—-z4+2-2°+--
2.(1—-2)t=1+z+2°4+23+ -



Problems:
1. Expand f(z) = sinz,using Taylor's series at z = %

Solution:

Given f(z) =sinz &z =%
consider, f(z) = si => (E)_ ' E—i
,f(z) =sinz = f4 —31n4—\/§
f(z)=cosz=>f 4—cos4—\/§
n()__ in _>f”(z)__sinz—_i
[ (z) =—sinz = 1) = PN
III( )_ . —=> I (z) — E— _i
[ (z) =—cosz=>f 2) = TC0s7 = NG

Taylor Series is given by

) = f@) +E2f @+ EL (@) +

1 2!




f(z) =sinz - (Z_E) (i> + (Z_%)z (_L)
V2 4/ \\2 2! NG

2.0btain the Taylor's series to represent the

function in the region |z| < 2.

1
(z+2)(z+3)
Solution:

Let f(z) =

1
(z+2)(z+3)

1 A B
(z+2)(z+3)_z+2+z+3
=>1=A(z+3)+B(z+2)-> (1)
subz=-2in(1)=>1=A4(1)+0
A=1

consider




sub z =

—-3in(1)=>1=0+B(-1)

B=-1

| 1 1 1

" (z4+2)(z+3) z+2 z+3
Given |z| < 2 >u<1

2
(Always change the condition as <1)

H H
If — < 1,then — < 1
2<ten3<

VI 1
"f(z)_z+2_z+3
() 3( )

1 2 1
=§( 5(”
1—f+—— L PR

S A e - B S



f@) =5 z( (5 ——Z( 13

Laurent’s Series:

Let C;and C, be two concentric circles
|z —a| = R &|z — a| = R,where R, < R;.
Let f(z)be analytic on C; &C, & in the anular
region R between them.then for any point z in R,

fR) =) anz—ay + ) by(z—a)™
n=0 n= |
1 f(2) s
h - d / /// ¥
1 Z F
wp o L[ D

2mi J, (z—a)l™m



Note:

The part ).o—oa,(z —a)™, consisting of positive integral
powers of (z — a) is called the analytic part of Laurents
series ,while ).._,b,(z—a) ™" consisting of negative
integral powers of (z — a) is called the principal part of
Laurents series.

Problems:
1.0Obtain the Laurent’s series expansion of

1 y r P
Gineas For Wizl <1,GD1 < lz| <3, (iid)|z] > 3

Solution:
Let f(z) = LI

(z+1)(z+3) z+1  z+43
=>1=A(z+3)+B(z+1)- (1)
subz=-1in(1)=>1=412)+0




subz=-3in(1) =>1=04+B(-2)

o 1
2
1 1
. _ 2 2
- f2) z+1 z+3 = (2)
(i)|z|<1=>'i1'<1Also'iB'<1
11 1 11 1
s (2) => =——]——.—
2)=>71@) =713 233|142
1 1 A
_ -1 _ —
_2[(1+z) 2(1+3) ]

—1 (1_ + 2_...)_1 1_E+i_...
~2 2Tz 3 379



=%[i(—1>"z ——Z( e ]
f@) = [Z( =S 1>"3,;]

n=0
(i1 <|z| <3
This condition can be spited as
1 < |z|& |z| < 3
|z]

=> —<1&—<1
|Z| 3

() =>f(2) =3

1( 1 ) 1( 1 )
2|z 1| 3 z
1+E 1+3




(iid|z| >3 => > < 1.Also — < 1

|Z| |Z|

1
L) =>f@) =7

1/ 1\ 1/ 1
-~ Z Z




I/ 1 1 1 3 9
E[(E_Zz+ZS_”.)_<E_22+23_.”)]
00 n+1 co 1 n+1
e (3) =Y () |

=0 n=0

1 1 n+1
~f(2) =5 2 "1 -3 (;)
n=0

2

2. Expand in a Laurent's series expansion if

(z+2)(z—3)
(D|z]| <3&(ii)2<|z| <3

Solution:
2

Lt/ D) = G =3)
Here the degree of the numerator is equal to the degree of the

denominator.
-~ divide numerator by denominator




2

. Z 14 Zz+ 6
“(z+2)(z-3) (z+2)(z—-3)
_ Z+ 6 A B
consider

Z+2)z—-3) z+2 z-3
=>z4+6=A(z—-3)+B(z+2) - (1)
subz=-2in(1)=>4=A4(-5)+0

4 — 4
5
subz=3in(1) =>9 =0+ B(5)
B_9
5
4 9
z -5 4.5 2
oo = — -
(z+2)(z—-3) z+2 z-3 (2)

(D]z| < 2 => % < 1.Also '13' <1



(ii)2<|z| <3=>2<|z|&]|z]| < 3






3.Find the Laurent's series expansion for

f(z) = (Z+1;fz_)?z_2) intheregion 1< |z+ 1| < 3.
Solution:
consider
77 — 2 A B C
f(z) = +—+

(Z+1)(Z)(Z—2)=Z+1 z zZ—2
CAz(z—-2)+Bz+1D(=z-2)+Cz(z+1)
N (z+1)(2)(z-2)

72z—2=A4Az(z—2)+B(z+1)(z—-2) +
Cz(z+1) - (1)

subz=-1in(1)
=>-9=A4(-1)(-3)+0+0
A= -3

subz =2in (1)
=>12=0+0+C(2)(3)



C =2

sub z = 0in (1)

=> —2=04B(1)(=2) + 0
B=1
3 1 2

+ -4
z+1 z z-—2

@) =-

Givenl<|z+ 1| <3
Lletz+1=uthenl < |u| <3
=>1<|ul&|ul <3
1 ul
=>—<1& =<1
[ul 3
. 1) = 3+ 1 N 2
A  u u—1 u-3
3 1
= —— 4+ —

1
U u 14

w3




3 1 1\ " 2 -1
=‘a+a(1‘a) -3(1-3)

= + [1+ +1+ ] 21+u+u2+
B uuz 3 3 9

=“+Z—“ )"

2 1 2~ [z
"'f(z):_z+1+;(z+1)"_§;(

+1\"
3
Singular points:

A point z = a at which a function f(z)fails to be

analytic is called a singular point (or) singularity of f(z).

Eg:f(2) =~

> => z = 2is a singular point.



Classification of sinqularity:

Isolated singularities:
A point z = a is said to be isolated

singularity of f(z)if
(i)z = a should be a singular point
(ii)the neighbourhood of z = a should not

contain any other singular point.

1
Eg:f(z) = 1)

=>z =0,z = —2 are isolated singular points.
Poles:
An isolated singularity z = a is called a pole.

A pole of order one is called a simple pole.
1

) = G = - D
Here z = 11is a simple pole.

z =3isapoleof order 3
z =4 isapoleof order 2.




Removable singularities:
A singular point z = a is called a removable

singularity of f(z)if lim f(z) exists finitely.
Z—a

o ()_sinz_l z3+25
gj@) =——=12" 3t
z% z*
=1—§+§—
here z = 0 is the Smgular point.
hn(l)f(z) =1—-0—-0—"--=1(finite)
Z—

~ z = 01is aremovable singularity.
Essential sinqularities:
If f(z)contains infinite number of negative powers
terms then z = a is known as essential singularity.

Eg: f(z)—e/z—1+1/z+1/z

+ ---



Here z = 0 is the singular point.
also f(z)contains infinite number of negative terms.
~ z = 01is a essential singularity.

Problems:
1.what is the nature of the singularity at z = 0 of
__sinz-z
f(Z) _ 73
Solution:
, sinz — z
Given f(z) = 3

Here z = 0 is the singular point.

1]z z° 1z
R B T
lim f(z) = —=+ 0 + 0 + - = —=—(finite)
z—0 3! 3!

~ z = 01is aremovable singularity.



2.Find singularity point of f(z) = sin (L)

Z—a
Solution:

given f(z) = sin (L)

Zz—a

3 5
1 1( 1 1( 1
= z—a 3! (_) + 5l (_) - o
z—a 3! \z-a 5!'\z—-a
Here z = a is the singular point.

also f(z)contains infinite number of negative terms.
~ Z=als aessential singularity.

, 1
3.Find the pole of f(z) = Zral)?
Solution:

Given f(z) =

1
(z2+a?)?

=> z°4+a’*°=0=>z=+ia
~. Z = t+ia are poles of order 2.




Residue:

Th cient
e coef ficient of p—

about the singular point z = a is defined as residue

of f(z) at z = a.
Evaluation of Residue:
Residue at a pole of order mis given by

in the expansion of f(z)

1 qm- 1
— _ m
Rlz = a] = ooy lim o (2 = @)™ f (2]
= (1)
Note:

Residue at a pole of order 1(simple pole) is given by
1 dl—l

Rlz = a] = =y lim 75 12— 0)f ()

R[z = a] = lim(z — a)f(2) ~ ()



Problems:
_ 2z
1. Calculate the residue of f(z) = - Zi
Solution:
Here z = 0 is a pole of order 3
1 d3-1 1—e*
. — —_— = 1 3
e (I) => R[Z = O] —_ (3 — 1)'9_1;% dZ3_1 l(z _ 0) Z3 ]
— 11' d® [ ;1—e”
N Ezl—rg(l)@ z z3
1 d*
T i _ p2Z]
B Z!LI—%dZZ [1=e™
— - 1] d [O 2 27
B 2!zl—r>% dz °
= llim[—4 e??]
21 z-0
1
= —[—4e%] = -2



~R[z=0]= -2

& hence find the residues.

2.Test the singularity of 221+1

Solution:
1 1

Let /(1) = o = D=1
. z=1&z = —1i are simple pole

() => R[z = i] = lim(z — i) (ZH)l(Z_i)
_ 1 1
=121£rl1(z+i)=z
. 7 —1
--R[Z—l]—ﬁ

() =>R[z = —i] = lim (z + ) (z+1)(z—1)




Cauchy Residue theorem:

If f(z)is analytic at all points inside & on a simple
closed curve C,except at a finite number of poles
Z1,Zy, ., Zy Within C,then

J f(2)dz =
2rti[sum of residues of f(z)at zy,z,, ..., Z,]
Problems:

4—-3z
1. Evaluate fc 2(z—1)(z-2)

dz,C:|z]| =%.

Solution:
4 — 3z

zZ(z—-1)(z - 2)

Given f(z) =



3 9
&|Z|=§=>x2+y2=zl .

This is a circle with center (0,0)& radius g
Equating denominator to zero , we get

I 3
z=0,z—1=0&z—2=0 - _2(\2'12
=>z=0,z=1&z=2 \
Here z = 0 is a pole of order 1
z = 1is a pole of order 1
z = 2is a pole of order 1
Also z = 0 & z = 1are poles which lies inside C
& z = 2 is a pole which lie outside C
To find residue at z = O:
Rz = 0] = lim(z — 0) ————
T Y T - Dz - 2)
_ 4 — 3z
= lim

z-0(z — 1)(z - 2)




4—0

=(0—1)(0—2)=2
~Rlz=0]=2
To find residue at z = 1:
Rlz = 1] = lim(z — 1) ——r— 2%
- T YT =Dz =2
_ 4 — 3z
_zl—rgz(z—Z)
N
~Rlz=1]=-1

. By Cauchy Residue Theorem,
f f(z)dz = 2mi[sum of residues]
C



. 4 — 3z B ]
: fz(z—l)(z—Z)dz_zm

C
dz . .
2.Evaluate |, 2 C |z — i| = 2 using RT.
Solution:
1
Given =

&lz—i|l=2=>x*+({y—1)*=4
This is a circle with center (0,1)& radius 2~ 2\11/2 Ty
Equating denominator to zero , we get '
z°+4=0=>|z=42i
Here z = +2iis a pole of order 2
Also z = 2i is a pole which lie inside C
& z = —2i is a pole which lie outside C




To find residue at z = 2i:

| 1
R[z = 2i] = ;lejgl@ [(Z ~ W e+ zz)2]

B Zh—>nle dz [(Z + 21)2]

2
= ]j
Py [(Z + 21)3] (4i)3
2 1

= a3 30 (since i = —1)
1

r R[Z=2l] =E

. By Cauchy Residue Theorem,
f f(z)dz = 2mi[sum of residues]

) 1 _n
=M\ 351 ) = 16



f d T
) (22 +4)?% 16
C

Evaluation of real definite integrals by contour

Integration:

Type I:

Integrals of the type fOan(COS 6,sin0)de

where f(cos 8 — sin 0)is a rational function of cosf & sin@.
In this type of integral, put|z = e'?

dz

thendz = ie'?df =>|df = —

we know that,
10 1 o —i0 _ 10 _ ,—i6
cos @ = x &sin @ =

21

Z

1 1
=> COSH:E[Z-I__] &|[sin O —[z——]




7 f(cos@—sin@)d@=ff<%[z+§],2iilz—§]>%
0

C
where C is unit circle |z| = 1

1
= —j @(z)dz where @(z) is a rational function of z.

C
Hence by Residue theorem,

J @(z)dz = 2mi[sum of residues of @(z) at it'spoles inside C]
C

Problems:

27T do
1.Evc.1luate bo toess
Solution:

Transforming the variable 6 in terms of z

| d
Putz = ei® => dg = —
lZ



1 1 1[z% +1
Also cos 6 =E[Z+_] = —

Z 2 Z
27T
f do _f dz/iz
") 5+4+4cosf 2
0 C 5+4[%[Z ;_1”

where C: |z| =1

B j dz/iz
B (SZ + 272 + 2)

¢ Z

_1] dz
i) 22245242
C

1 dz
Zic Z2+%Z+1



27T 8
.f5+4c059 jf(z)dz
0
1
where f(z) = B
Z2 +§Z + 1

To find poles of f(z):
Equating denominator to zero, we get




L f(2) =

(z+1/2)(z+ 2)

Herez = — 5 lies inside C(order 1)
& z = =2 lies outside C.
To find residue at z = —%:
Rlz=-1/2 ] 1/2
z=-1/2]= lm G+ VD e+
1 1 2

=Zl£r?/2(z+2)=(_%+2)_3



2

“Rlz=-1/2] ==

Hence by Residue theorem,

ff(z)dz = 2mi|sum of residues of f(z)]
C

— e [3]

ff(Z)dZ—T
j J (2)d 1 4711‘_271
5+4cose 21 ) TPz =557 = 3
do 2T

5+4cosf® 3




daé

2. Evaluate fc ——— ,0<a<1
Solution:
Transforming the variable 6 in terms of z
” dz
Putz =e'Y => df = —
1z
Ao sin 6 — 1[ 1]_ 1[z%-1
>0 S _ZiZ zl  2i Z
. J do 3 j dz/iz
"] 1—-2asin@ +a? 2 _
C C 1—2a[21.lz 1”+a2
1| =z

where C: |z| =1

_ f dz/iz

_ A2 _ 2
1 l.Z[Z 1]+ a

C



dz/iz

(iz—az?+ a+ a?iz)/iz
C

_ f dz
) —az2+i(1+a?)z+a
C

j db B 1[ (d
" J1-2asin@+a2  a J(z)dz
C C

where f(z) =




To find poles of f(z):
Equating denominator to zero, we get

(14 a?
z% — i z—1=0
a

l. (1 + az) . (i (1 + a2)>2 A1)
a _ a

. N
£ = 2
2 27\ 2
i(1+a)i _(1+a) 44
a a
_ \
2
.(1+a2) \/—1—a4—2a2+4a2
[ + 5
a a

2






. f(2) =

(z —ia) (Z — é)

L 1
Here z = - lies outside C (sincea <1 => - > 1)

& z = ia lies inside C (order 1)(sincea < 1)
To find residue at z = ia :

R|z =ia] = lim (z — ia)

zia (z—ia) (2~ %)

. 1 1
— 11m — = ;
z—la l . l
e
] a
~ Rlz =ia] = i(az -




Hence by Residue theorem,

ff(z)dz = 2mi|sum of residues of f(z)]
C

= 2m L‘(aza— 1)]

21a

!f(z)dz = @ — 1)

j do Y P
") 1-2asinf +a? anZ ”
c

1 21a B 2T
al(a2-1D] @1 -a?

_[ do . 2m
1) 1-2asin@+a?2 (1-—a?)
C




Type ll :

Integrals of the form [ ng; dx

where P(x) & Q(x) are polynomials in x
This integral converges(exists) if, Degree of Q(x) is at least
two greater than the degree of P(x) & Q(x) has no real roots.
To evaluate this integral, we consider the integral
P(z)

Q(2)
C

of the real axis from — R to R & the semicircle
I':|z| = R in the upper half of the complex plane.

dz ,where C is the closed contour consisting

j f(2)dz = j F2)dz + j fF@)dz - (1)

(Z)
Q(z)

where f(z) =



All the positive poles will lie inside & negative poles lie outside.
Hence by Residue theorem,

jf(z)dz = 2mi|sum of residues of f(z)]
C

letting R — oo,ff(z)dz = 0(by Cauchy's Lemma)
I

s~ (1) => jf(z)dz = jof(z)dz
C “oo

Note: Cauchy’s Lemma:
If f(z)is a continous function such that|zf(z)| - 0
uniformly as |z| —» oo onT, then frf(z)dz - 0asR -

oo, where I' is a semicircle |z| = R above the real axis.



Problems:

o) dx
1.Evaluate [~ Z1ad) 2 ibD)

Solution:
Let us consider

ff(z)dz=j > de 2 2
J C(Z + a<)(z* + b?)

where C is the closed contour consisting of the real axis
from — R to R & the semicircle I': |z| = R in the upper half of
the complex plane

f £(2)dz = j f(2)dz + j f()dz - (1)
C —R r

To find | .f(2)dz:
1

(z2 + a®)(z% + b?)

Consider,f(z) =



To find poles of f(z):
Equating denominator to zero, we get

z°+a*=0&z°+b%*=0

=>z? = —a*, z*=-b?
=>|z = tail, Z = +bi
The poles z = ai &z = bi lies inside C
& the poles z = —ai & z = —bi lies outside C
1

) = G G i) (=)
To find residue at z = ia :

R|z = ia] = lim (z —ia) (z +ia)(z —ia)(z + ib)(z — ib)

1
= li
256 (z + ia)(z + ib) (z — ib)
1

1
~ (ia + ia)(ia + ib)(ia — ib) _ 2ai(—a? + b?)




_ 1
~ 2ai(—a? + b?)

R|z = ia]

To find residue at z = ib :

. _ . . 1
Rlz =ibl = lim (=) o G — i) + ) (2 = ib)
| 1
N zh—g}) (z+ia)(z —ia)(z + ib)
- 1 ~ 1
~ (ib +ia)(ib —ia)(ib + ib)  2bi(—b? + a?)
o 1
Rlz = bl = oo + o)

Hence by Residue theorem,

ff(z)dz = 2mi|sum of residues of f(z)]
C



s
1 1

[2ai(—a2 00 T 2bi(cpZ 1 a2)]

) 1 1

- [a(a2 — b2) * b(a? — bz)]

= 271l

B —b+a B —b + a
- [ab(az | " [ab(a +b)(a— b)]

Cff(z)dz =T

1
[ab(a + b)]

consider

R
1) => f F(2)dz = j F(2)dz + j f(2)dz
C —R [

=>T

R
1
ab(a T b)] = l f(z)dz + !f(z)dz




letting R — oo, f f(z)dz = 0(by Cauchy's Lemma)
I

_ [o f)dx =m [ab(a1+ b)]

(since on real axis z = x => dz = dx)

_L (x% + a;)lfxz b2 " [“b(“1+ b)]




Z—x+2
2. Evaluate [~ ———2

_ — x*+10x%49
Solution:
Let us consider

J ()d _j z%—z+2 ;

f@dz= | a0z 9%
C C

where C is the closed contour consisting of the real axis from

— R to R & the semicircle I': | z|
= R in the upper half of the complex plane

R
[ f@az= [ reaz+ [ ez - @)
Tofind [ f(D)dz: F

z2—z4+2

Consi =
onsider,f (z) T 1072 79




To find poles of f(z):
Equating denominator to zero , we get
=> z*4+10z°+9=0
z'+2z24+9z24+9=0
z2(z°+1)+9(z*+1) =0
z2+1D(z*+9) =0
=>2724+1=0& z°+9=0
=> |z = +i|,|z ==13i
The poles z =i &z = 3ilies inside C
& the poles z = —i & z = —3i lies outside C
72—z +2
~ f(z) = : : : :
(z+i)(z—-10)(z+ 3i)(z— 30Q)
To find residue at z = i:

g _ z° —z+2
Rlz=1i] = ZILTLJ(2— i) (z+i)(z—10)(z+30)(z—30)



_ z? —z+2
= D@ 130z = 3D)
1 —i+2
~ (20)(40)(=2i)
R A e R
= e? - 1o (since i® = —i)
1—i
FRlz=i=4
To find residue at z = 3i:
_ _ _ 72— 7472
Rlz =31 = .z =30 DG = D@ + 30 = 30
_ z? —z+2
= T+ Dz =D(z +3D)
—9'—3i +2

~ (40)(20)(61)



- S

—7—3i —7-3i

= = since i = —i

4803 “a81 ‘ )
.R[_3]_7+m
RS I T¥

Hence by Residue theorem,

ff(z)dz = 2mi|sum of residues of f(z)]
C

B _1—i+7+m]
" 1e T Tasi
_2_]_P _+7+%]
BT

_nll _+7+_]_n 101 5
—glm Tt T3 T3] T 12"

ff(z)dz=%n
C




.
consider (1) =>f f(z)dz = f_R f(z)dz+f f(z)dz

=> —n— jf(z)dz jf(z)dz

letting R — m,jf(z)dz =0

I
(by Cauchy S Lemma)
f f(x)dx = —n

(since on real axis z = x => dz = dx)

oo

f Xt —x+2 p 5
) X r10x2+9 T 12"

— 00




Type lll :

P(x
Integrals of the form f cosmxdx (or)

Q(x)

f°° P sin mx dx where P(x) & Q(x) are polynomials in x

© Q(x)
This integral converges(exists) if, (i)m > 0

(ii)Degree of Q(x) is at least two greater than the degree
of P(x) & Q(x) has no real roots.
To evaluate this integral we consider the integral

Pz )RPe”"'Zdz (or)f

Q(2)
C

IPe"mZdz where C is the closed

Q(z)

contour conS|st|ng of the real axis from — Rto R & the
semicircle I': |z|
= R in the upper half of the complex plane.

Then proceed as in Type |l



Problem:

Evaluate [~ —"dx
_ —® x“+a

Solution:

Let us consider

00) 0.0)

J cosmx , _ [ RP eimxd _ pp f eimz q
x? + a? x_J X2 +az 22 +a2’”
- _OF eimz_oo
conszderJ f(z)dz = jzz e dz

C C
where C is the closed contour consisting of the real axis from

— R to R & the semicircle I': |z]
= R in the upper half of the complex plane

j f(2)dz = jR f(z)dz + j f(2)dz — (1)
C -R r



To find | .f(2)dz:

imz

Consider,f(z) =

To find poles of f(z):
Equating denominator to zero , we get
z2+a®*=0=>7z=+ia
Here z = ia lie inside C
& z = —ia lie outside C

f(2) =

(z+ia)(z —ia)
To find residue at z = ai:

72 + a2

mz
plm

Rlz = ai] = lim (z = al) ~——= 30—

| e imz e im(ia)
= lim

z-ai (z + ia) B (ia + ia)




e

~ Rl|z = ai] = P

Hence by Residue theorem,
ff(z)dz = 2mi|sum of residues of f(z)]
C

'e—‘ma] n.e—ma

= 2711

_ 2ia

[ fedz =
C

a

—ma

Tte

a

consider

R
(D)=>|f@dz= | f(z2)dz+ | f(z)dz
Jrev= [ s



Tte

=>
a

_ma R
= _L f(z)dz+!f(z)dz

letting R — oo, f f(z)dz =0 (by Cauchy's Lemma)
I

—ma —ma

e ne

a a

foof(x)dx = RP [

(since on real axis z = x => dz = dx)

co

f coS mx Te ma

dx =
x% + a? a

— 00O




