ENGINEERING
MATHEMATICS - II




UNIT-2 VECTOR CALCULUS




SYLLABUS

Q

Q

Gradient and directional derivative - Divergence and curl
Vector identities — Irrotational and Solenoid vector fields

Line integral over a plane curve — Surface integral — Area of a

curved surface

Volume integral — Green’s, Gauss divergence and Stoke’s

theorems

Verification and application in evaluating line, surface and

volume integrals




BASIC DEFINITIONS AND FORMULAE

Definition: Gradient

Let ¢(x,y,z) be a scalar function which is continuously differentiable , then the gradient of ¢ is

denoted by grad ¢ or V¢ and is defined by

- -
Vo= i£+j£+k£ P= ia¢+ja¢+ka¢
& " & & v &

Directional Derivative

The component of V¢ in the direction of the vector ais given by

e= V¢.a.
|a]

Directional derivativ




FORMULA BASED ON GRADIENT

Formula
. |;0,:2.,70\|,_{; %, .08 70
(i) V¢—(zax+JQV+k )¢—(zax+j + k )

_Vg.a
|a|

(ii) Directional derivative
. V¢

(iii) A unit normal to the surface ¢(x,y,2) =Cis W

(iv) Angle between two surfaces (X, y,2)=c¢, and &(x,).2) =c,is given by

0s=— -V
|Va ||V |

(v) Two surfaces are ¢,(x,y,z)=¢, and ¢(x,y,z)=c, orthogonal if V# Vg =0. ‘




SIMPLE PROBLEMS

PROBLEM -1

Find Vg and [Vg| if g=2xz" "y at 2,2,))
( -
Solution: V¢ = }‘iﬂ 8+k a](h" —x 1) ((24 )i —x _]+81.3k)

\

Vol 2 =107 - 47 +16% and [V| = J(10) +(~4)2 +(16)* =100 +16+256 =+/372 = 2403




PROBLEM - 2

Find the unit normal vector to the surface ¢= e y2 —z at (1.-2,5)

- x _
Solution: V¢ = [z g ] +k g][xz +y2 - ;]: (207 +(2y) j+(=Dk

(VO] (-2,5=2 ~4i-F
Vo  2i-4j-k  2i-4j-k
Vo 2P+ +r W21

Unit normal to the surface =




PROBLEM -3

Find the directional derivative of ¢=x)7 at (1, 1, 1) in the direction of i+j+k.

(8. x8 20
Solution: V¢ = Lz a—+J§+k )(xvzg (327 +02) J+()k . [V¢](111)—’ +i+k
l v
q i+ ]+k
The directional derivative of @ in the direction of i + j+k V¢o__V¢ _(Z J+k)
al YR+ 4P
- o= (+j+k) 3
_ Bt SR
- N




PROBLEM -4

), e T S
Find the Directional derivative of (=41 e VZ at(1,-2,1) inthe direction2i +3] +4k. (N /

D2016)

3 9
Solution: Given ¢=4x"+x"yz

G, o
= [41 +X yz} (4: +2n )i +(x )_]+(8L+l Wk

Vo=|i—+—+k—
) (&,J&

[V, =G-9i+j+6-Dk=j6k

| N34

\

)

A+ 8

Directional derivative of ¢ is

2% +3j+4k) .
\/,)——9 wherenisthe unit normal vector.

‘wﬁ=&ﬂﬁh{ﬁ+ﬁ+*ﬂ 20)+30)+6(4) _ 27

9

s




PROBLEM -5

Find the directional derivative of ¢ = 1}-‘2:3 at(1,1,1) along normal to the surface 1‘2 +xp+ =3
atthe point (1,1,1)

bl

Solution: Given ¢= x°-°

¢ 0 6 3 2 3.= 3= 22\
Vo=|i—+7—+k { :Iz VoY +(2x27) 7 +08x0 %)k
¢[&J6y a_J (°2) +(292)] +(30°2°)

\C =i+2j+3k

’) G |
Given @=x"+x3+z°-3

8 26

Vgo—[z §+] g+ k &][xlﬂw +z2 il (2x+ Wi +(x) ) +(22)k

- Vo 3+j+2k 3i+j+2%k

Unitnormal to the surface =0 = -W—ﬁ— J_4
(3{+;+2kﬂ 3+42+6 11

Vo-a=|(Gi+27+3k)- s
"“[(’””'\ e | T




PROBLEM -6

Inwhat direction from (3, 1, -2) is the directional derivative of ¢ =x*
magnitude of this maximum,

4 amaximum? Find the

Solution: Given ¢ =2x 1‘ :

™k
Vi=|i—+]—+k—
¢(ac Pk
VA, 5 =96 +255]-

2 “} Q0N+

.+ + The maximum directional derivative occursin the direction of

V=96 +3/ -3F)
Themagnitude of this maximum directional derivative is 'V¢| =96y1+949 = 96\/1_9 : ‘




PROBLEM -7

Find the values of constants a, b, ¢ so that the maximum value of the directional derivative of

¢=a\_}" +Ig}-5+c:* .13 a (1.2.—1) has a magnitude 64 in the direction parallel to z-axis.
(N /D2015)

Solution:

Vé=i %(mf +hyz+ez’y )+]’§(my" +h ) +k g (@) +byz+cz'x)

-

= (@ +330) +Qay+bo)j+ (By+ 220Nk
atthepoint (1.2,-1)
Vo=i(da+3c)+ i(da-b)+k(2-2) —-(l)




CONT...

The Directional Derivative is Maximum in the direction of Vi ie. in the direction of
i(da+3c)+ j(da-b)+ é(zb -2c) . But it is given that directional derivative is maximum in the
direction of z-axis1e, in the direction of 0 + 0 j + ¢ . Therefore, ng and z-axis are parallel.
dat3c 4da-b -2
= = =, (say)

0 0 l
fat+3e=0 (2
da-b=0 (%)




CONT...
substituting in eq.(1),
Vo =(2b-20c)k
Maximum value of directional derivative is |v ¢ |. But it is given as 64.
V=64

(2b- 2c)ic'| - 64

20-2c=64 b-c=32

From eq(2) &(3)
4a+3c¢=0, 4a-b=0,Solving b=-3¢

Substitutingin b —¢ =32 ,-4¢ = 32
a=6 b=214_c¢c = -8,




PROBLEM - 8

Find the directional derivative of ¢= X+ y2 —27% atP (1,0,2) in the direction of the line PQ
where Q is the point (2, 3, 4).

Solution: Vgé:i' ;c) (J& +12 -2z 2) (2207 +(2y)] -(42)k

P.JIOJ

Duzd
ox 81
[W’ ] (109~ 2 -8k

Position Vector of Q = 27 + 37 +4k andPosition Vector of P=1+ 2k

PQ =(PositionVector of Q) —( PositionVector of P) =(2f +37 +4E}’ —(7 +2k ' =i+3j+2k

+37 +2k)
The directional derivative of ¢@in the direction of 1 +3] ]+ 2k = V¢o_ =Vje (i J /

al " PP P

s = ((43542k) 2-16
| _—k).(l ] )_ '\/]_4

VTR TR




PROBLEM -9

Find the angle between the surfaces xlogz =" - Land x'y= 2 — at the point (1, 1, 1)

Solution: Let ¢ = ' -xlogz- 1
Vi =-log =427 -2k, (V4)ALD=2j-k ad [gy|=<5
Letgh = 12.,1-' -2+

Vo =Qu) i +x* J+OF, (VH)LLD=2+]+F and [76y/=16

AL (&J k) (2 +]+k) g47-1

B

1
= 0=cos'l(

)




PROBLEM - 10

Find the angle between normal to the surface Xy = z* at the point (-2,-2,2) and (1,9, -3).

Solution: Let ¢ = xy -z
Vo=vi+xj-2:k,
Atthe point (<2,-2,2) = [V@] , ,, =-27 =27 -4k and |V¢,|=/4+4+16 =\24=246

(=2,-2.2)

Atthe point (19,-3) = [Vay] , . =97 +7+6k and |V ,|=+81+1+36=4118

VoV (224K ) (0T +]+6F) jg 5 py g

I i




PROBLEM -11
Find the angle between the surfaces x° +.1,«’- +7=9and =’ +}f2 -3 at the point (2-12)

(A/M2017)

Solution: Let ¢4 =x* + "+ -9

Vi =2u +2vj+2:k, (V4)Q-12)=4i-2]+4k and [Vy|=16=4-16=1B6=6
Letgy=z- -y

Vo =(-20) i -2y ]+ Ok, (V)@ -1.2)=~4+2] +k and [7y|=T6+4+1 =421

™ Vé Vo (41 ‘.}+4kj(-4z+5]+k) l6-44d 8
Va[Ve| 6(+21) 620 3

= f=cos™ (-LJ
321




SCALAR POTENTIAL
PROBLEM - 12

If Vo=(r* —2u2) )i +(3+ 2y —x72°) j +(62° =327 y2*)k , find .

0 8w =38 5 ) 4 e " T
Solution: V¢ = {i jp + ;40 +k CTD ): (v*=202")i+(3+ 2% —x‘:s) JH(6z" -3x =)k
o T o

-

Equating the components of 1, j. k.

___________________________________________________________________________________________________________________________________________________________________

P 0 | 2egrw-20 | Lo@d-3d) 0
& A O
Integrating (1) partially wrt. x, weget ¢=.x.1'2—x2y:3 + fily.2) .4

Integrating (2) partially wrt. y . weget ¢= 3}-‘+l}'2 — 3 _1-':3 +(xz) (5

, : 34 2 3
Integrating (3) partially wrt. z, weget ¢= 5:4 -x" 2 +A(x) .(6)

; . S A - A
From (4). (5) and (6), collecting non repeating terms alone, we get ¢=3y+x”" —x"y= +5:'1 +c




PROBLEM -13

Find ‘a’ and ‘b’ so that the surfaces ax" —byzz =(a +3)x2 and 4x2y—z3 =11 cut orthogonally

at(2, -1, -3).

Solution

Let ¢ = ax —by'z—(a+3)x’ ¢, = 45ty - -11

Vé =[3ax’ —(a+3)2xi —2byg -bv’k Vi =8xi —4x%j -3-%

(V) y 15 = Ba—12)i -6k ~bk (V) 1z =—167 ~167-27k

Since the surfaces cut orthogonally => V@ Ve =0
=-16(8a-12)-16(60)+27b=0
=-128a+192-696=0

=128a+695 =192 - (1)

Since the points (2.—1,-3) lies on the surface @(x.y.z)=0, wehave
8a+3b—-4a=12

=4a+3b=12 —>(2)

Solving (1)&(2) weget a=-2333 b=7.111




PROBLEM -14

If V¢=hyz3f+x’1:3}'+313vv:2§ Find ¢(x, y,7) giventhat ¢(1,-2,2) = 4
(M/]2016)

Solution:

< 00 - 0p » of
Vh=i —4j —+k — -
0= z ] 3 (0

Given Vo=2nzT 777430 9()

Given Vg= { af ;"b "6a¢} Qo)+ (%) j+ Oty )i

- - -

Equatingthe componentsof 1, K,




co 3

—=2xz’ e
P €)
8¢ 2.3

— =Xz ———“4
& G
co 1 2
——=3xyer ===
& ©)

Integrating (3) wrt x (keeping v and z constant )

weget ¢= X )-':3 + f(.2) ... (D)

Integrating (4) writ v (keeping x and z constant )

weget ¢= X .1":3 +h{xz) (Il

Integrating (5) wrt - (keeping x and v constant )

¢=x"y" + fi(x.3) ...(HI)

From (1), (II) and (III), collecting non repeating terms alone, weget ¢ = % _}-':3 +c
Given ¢ (1.-2.2)=4

= ()} (2)2F +c=4=>-16+c=4

=>c=4+16=20

Caf= xz}.,__s +20




PROBLEM - 15

If Vo= —202°) +(3+20—x"2") ] +(62° =312k, Find (. 1.2)

Solution:

vo=i 245 25 2 S

ox oy oz

Given Vo= -202) +G+ 20 -3 7 +(65° =341 )k =)
.comparing (1) & (2)

L >0

ax

6_¢ =3+ 2y -2 —(4)

a}-‘

8 :

%8 5 “3x'ye? > (5)

c:




CONT...

Integrating (3) wrt x (keeping v and z constant )
v v

3
§=rx=-"o 0. =107 1002 2 0

Integrating (4) wort v (keeping x and z constant )

b= 31+2Z—1—1_1+f,(x =3+ =P+ f(x2) ()

Integrating (5) wrt (keeping x and v constant )

6-* 3x 1_ 3z

= il + fi(x, 1)-——1 VI +f(x v) = (iii)

From (i), (ii) and (_m), collecting non repeating terms alone

4

B = :
¢ = 3}" + .\}" " xl:s}’ +—+cC Whe}'e ci1s a constant

2




PROBLEM -16

Show that F = (}'2 o8+ )i+ (2ysinx -4)}'+ 32k is a conservative force ield and hence
find its scalar potential. (N/D2014)

Solution:
Given F = (1 COSX+ 2 ] +(2.,vsinx—4)j+3)t:1k

i

~ ,
VXF: —_
cx
Veosx+z 2ysinx-4 3x’

VxF = =7[0 -0]—}'[3:2 —3:2]+7c[23-' cosx—2ycosx|= 0i-0;7+0k=0
Hence F isirrotational ‘

k
6
&

\.9_.)|Q) .|




CONT...

Finding Scalar Potential

=V
9 =0p Of

= +2° )i+(2ysinx—4) j+3 k-—+
(1 COS X )z(1smx )j+3x k=1 ]8\ =

— — -

Equatingthe coefficient Z .k

(Z’—l’cosr-&-" =>[5cp [(1 cosx + =°)dx

=¢, =) sinx+x+ f,(1.2)

Z;p—hsmx—4r>ja¢ I2151nr 4)dy




CONT...

oLty - Py 5

&
i_—iﬁ =3x' = j&p' = f 3xz*d-

=4 =37+ (%)= + ()
From (4), (5) and (6), collectingnon repeating terms alone, we get
LP=vdnx+1 -4y +C

v




DIVERGENCE AND CURL

Definition: Divergence

Let F =F i+ F, j+F, k beavector point function. Then divergence of F is denoted by

dvF or V.Fandis defined by V.F = o + s + OF
ox oy oz

Definition: Curl

Let F = F, i+ F, j+F, k beavector point function. Then curl of F is denoted by

i j k
curl F=VxF = g, O o
& oy oz
F F, F




SOLENOIDALAND IRROTATIONAL

Definition: Solenoidal

A vector function F' is said to be solenoidal if VeF =0

Definition: Irrotational

A vector function F is said to be irrotational if VxF'=0

Definition: Conservative field and Scalar potential

» VXF=0,Then F is called Conservative field.

¥» IfFisirrotational, then a scalar function ¢ can be found so that F = V¢ and ¢ is called

scalar potential of F ‘




PROBLEM 1

If I_/) =(x+3y)i +(y—22)] +(x+242)k is solenoidal, then find the value of / .

Solution: A vector function 17 is said to be solenoidal if VeV =0
Given V= (x+39) +(y—22)7 +(x+ 2A-)k is solenoidal.

(L0p -0p 28 " 5 .
i7¢+j'—¢+ka—?_)] A(x+3y)i +(y—-22)j +(x+242)k) =0

L X 3 Z

(8 3 3
ka—(x+3y)+g(y—2:)+a—(x+ 22:))=0 =>1+1+22=022=-1
X Z




PROBLEM 2

Show that a vector field F =(x’ —3’ +x)i —2xy+y)/ is irrotational.l

Solution: cir] E=V x F =

QU =~
|
9,)|0J?rl

&x
(x2 —._1-'2 +x) —-2xy+y) 0

[0+ Q@+ 1)] {O—Q(xz —y? +x)]+é[—§x<m+ y)—§<x2—y2 +x)}

0+_;0+k[—2v+2v] 0 - F is irrotational.




PROBLEM 3

For what values of ‘a’, ‘b’ and ‘¢’ such that F =(x+2y +az)i +(bx =3y —z)] +(dx+cy +27)k is

irrotational

Solution: If F is imotational then VxF =0

- .

i j k

2 Gk £ ke

ox oy &
(x+2v+a) (bx-3y-zI) (dx+qr+22)

i (c+1)-j(4-a)+k (b-2)=0i +0j+0k. =a = 4;b=2;c = -1




PROBLEM 4

If F=x+ ysf+ zsl;, find div(curl F )

,IQJ Ca il

-

3

§J|m ~
=9_’|Q) .l

o
(W]

x> P 2

(:3>_(§](y3>] ([ )( )( ](x’)]wc(( ) {a](ﬁ)) -0 +0F

~{( 0

— —

8y
o g. 78 R

div(curl F )=V e VxF =|i—+j—+k—|.(07-07+0k)=0
&x &y &




PROBLEM 5

Forwhat values of ‘a’, v’ and ‘c’ such that F= (x+2v+a :')f +(bx -3}"—2)]. +(@x+ey+20)k s
irrotational. Find its scalar potential (A /M 17,18)

Solution:If F isirrotational then VxF =0

[ (c+1)-j(4-a)+k (b-2)=0i +0j+0k .24 = 4:5=2: ¢
Finding Scalar Potential

F=V¢
=(x+

-

=

i J K
2 & LI
cx oy o
(x+2y+az) (bx-3y-2) (dx+qy+22)

= )

ya)ie(2-3y-2) jr(ar-ys )i =i j 2 X

&8&8‘




CONT...
Equatingthe coefficient £, j,

)
R N (R ST RS PR (R RD

%=(2x-3y-:)=>[6¢= [(2.\'-3}'- 2 dy= gy = 21}'-%-3’%(& 2)= ()

i_‘*":(4x-.1,+z:):>.[ 0= [(41-y+2)d 2 =4 -4+ £3) 5 )

From (4), (5)and (6), collectingnon repeating terms alone, we get
x2 31.'2 )
.'.¢=7+2q’+4xz-zy-'7+z +C




PROBLEM 6

—

Prove that div7' =3 and curl7 =0.

. R a :‘a “.a _)a - = -3
Solution: divF=VeF=|i—+;—+k— |ex +1j+:k|=1+1+1=3
x Ty e ~
i 7 k
il ke Ce 1O o8 =i (0-0)+ 7(0-0)+k(0-0)=0
= e B 4
X ¥y Z




PROBLEM 7

Evaluate V*(logr)

Solton: g = )[logr] s [ Jogs Z;[IZ} Z; M Z%H

It

- (x)(zr){;)+(y)(2r){;)+(z)<zr){;)] i v

] = ] S
f f r f

l
)




PROBLEM 8

Find the value of ‘n’ so that the vector 7"ris both irrotational and solenoidal.

Solution:
F=xi +3] + 2k
r=|r|=\lx2+}-' 2

(1 +1 +Z )%

: (x7?+‘1g}:+:k')

n-
’l ’v —_

;
V() = g

Y W) TN
=Xty £2
¥ xX.o y. O 3z
& r & r & 1




="y Isimotational forall values of .

ergiHasr)age

@ gdr| o @ -15J
i ——mr = |=jl o ——xmr +k
.o ) N & &
T(_ n-1) n-l3) “.(_ n-1 & n-l3) ‘( n-1 4
oS-y = |=jlmrt - = |+E o -
L I I & I '

nt O

— =X
'\

X

=Xxnr

=2

-1)

!

. ]

40

o
&




CONT...

] i+ j2 +ké).( r (M’dﬂy" - E)) =a—i(r”x)+§(‘r”}')+§(1‘”:)

V') =
e o & 0 "

ﬁ
y 40 or
=" o™ =41 ™ =4 o™ =

o R i
Qs o )
=3 (Y )= () =3 " = (34w
"1 is Solenoidal = V"7 =0

(3+m)" =0= n=-3. Therefore »"r is Solenoidal when =3 .




PROBLEM 9

(1
Show that Vz(rn)=n(n+1)r"-2 where 1 =17 +.)f2 + £ and hence i thevaluef ¥ (" |

Solution:
V(f?)zzg[’ﬂ]- |: ;7-187] [ wll:‘
=i m’H[ ]-l-j m”'l[ )+k m"‘l[ )

¥ 5 r

-2

= T 2x+ "2 y+ k™2

2T + ]+ 2k ) (2 1-M+1J+"k)
.'.V(r”)z " T

ar




CONT...

Now

Vz(:r")=V.V(;’")=V.(nr"'qf)=( 8i +j g }g)m'"_z(xf +3] +:2k)

(: —(m”‘ X+ —(m"' V+k a—(’” o )J

n-3 O

A (1) +xn(n-2n"" — + n "'2(1) + m(n=-2)r" = %4- nr"°2(1) +n(n- 2)1'"'3 %

-

:
12 + }-‘2 hg

"

=" + n(n —2)2'"'3 { } =3 4 n(n —2)7'"'4 (12 + .,1-'2 e )
=3 4= 2" ) = 3 =2 =" (0 + 3n-2n)

=n(n+1)"

Finding V" ( l)
. r

1
Taking 7 =1 inabove step, we get V' (-] =0
}'.




PROBLEM 10
Prove that Vz(f(l')) = ff )+ ’Ef(l) and find £(r) mchmvz(f(r')) =0. (Or)

2
Prove that % (f(r)= % ( f(r) ) +§ c;i] (f (?)) and find f(») suchthat v? (fornN=0.

Solution:

Or i (G5
w(f0)-Z2{fol-3 ol |3 10k
=i f '(,-)(’i:)ﬁ- 2 '(r)(-:—f)ﬂr T (r)E)

(x7 + 3] +:E)

= f(r)

"




i {f’(r)(

( I & TR E
(k)| (g 25 2 0), (i
-{l a'l'} 5"‘1( E)f(’) ;
¥

e o)

]

.1_.&- ) i y

: & : I l'& 3 x‘- , ’.2_1,2
E)

' a+ £ 3 =f (?')H tf (")-







CONT...

Finding f(r)

Suppose V*(f(r)) =0 = f"(r)+3 £ 0)=0
| 5

v T fo)_ 2
S F()==2F ) =l ilmal

f () rf() PN
Integrating wr.t 'r' ;we get

ff () ar = [2 dr
f @) ‘
1

= log[f(r):'——2logz+logc log rr= 2te= log(}z)-l-logc

Eliminating log on both sides

- fon(3




CONT...

Integrating wr.t ' -we get

= If () dr= cj (riz)drzcjr—zdr

=241 -

?

S il

= f0) =

= f()=—

c
’.




PROBLEM 11

Provethat Curl Curl F = grad divF —v? F (M /]2016)

Let F=Fi + FKj+FEk

i J k| (ar oR). (oF _oF). (oK @F)-
w18 @ _al= l———.i'*' ===l
Cuwrl F = cy o oz Ox & &y
ox oy oz
K F K
d J 3
. é & é
Cwrl (Curl F) = e g =
[6@_6&] (E_E) (a@_aa‘]
& Oz ) & Oorx, cx oy

. ™




CONT...

o 6[6Fz_6ﬁ’1}_6[6]ﬁ_6}§) (8F, #F) (¢#F &F
b_a}’.ax ) ozl l_ayax'a:ax & &
-Z- B0 A A 32}:1+82F1+32F1 -z’

o oty i) (& & &)

- ST SR 18 W
_p 8[8ﬁ+8F2+al~}J_(a G a]m

..
.

!

i =

1 AT IRET i e
oy o &) el o e

=3 g(v. F)-VzFl}f
et

20 dn 20 o a2 00c ay| cafae ne L
{z g(V F)+ja(V. F')+k5:-(.V. F)}-V [Flf +F;_}+F;k:|

curl(cwlF)=V(V. F)-V*F




PROBLEM 12

Show that F = yz%i+ (xz*=1)j+ (2xz -2)k is irrotational and hence find its scalar potential.
(N/D2019)

Given F = yz'i + (xz* = 1)j + (202 - 2)k

¢
Q> .l

VXF:—
ox

(-1 (29z-2)
VxF= =i[21:-21:]-}'[2}‘:-2.1':]+l’dc[:2 -:2}=Of-0}+0}=6

’Q)IC)) —.1
| o =




CONT...

Finding Scalar Potential
F=1f
o0 o

e Y Y YA
2 Vi {x 1 j+ e k=1
EHitier ty

e

Equatingthe coefficient £ K

ZZ Y*21*4$[6¢[ Y= =0z fl( 2) - (4)




CONT...

g? 1) 09= [l = f=nz"-y+ £(5,2) O

e -2 - et )46

From (4),(5) and (6), collectingnon repeating terms alone, we get

S




VECTOR INTEGRATION

Line integral




PROBLEM 1

Evaluate the work done by F= Sxvi+2yj when moving a particle from x =1 and x=2 along the

curvey =X

Solution: Giveny=x* = dy=3x dv. F =5xyi +2y] ; F.dr = Sxydv+2ydy

9

Work done=.[f' -qr =J'(5x"}»'dr+2yd}')= (5x4+6x5)dr=[x5+x6}1 (( 2+64)~( 2)) 9.
¢

C

R s L




PROBLEM 2

If F=(day-3x"2)i +2x7j-2x"; k , then check whether the integral IF -dr is independent of

€
the path C.

Solution: iI'he line integral is independent of the path of integration if V xF=0.
i
¢

& a

iy -3x222 2 n3:

VXF:

-9._:" Qo .1
& o5 2%

. ; 3k
=f{§(—2x’:)—§(2f})— {6(—21 )——(411 ~3x: ‘)} Li(h“)——(-‘m 3x‘-‘))

ox
=7(0-0)=J (=637 2+ 6x72) + k(4x—4x) =07 +07 +0k =0 ‘
Hence theline integral is independent of path.




PROBLEM 3

Find IF .dr where F= (2 y+3 );+ .\f:}+( ¥z —.\')I.c along the line joining the points
c
(0,0,0) to (2,1, 1).

Solution

Given F = (2y +3‘}7+x:} +(yz=x)k
dr=dvi+dyj+d-k
Fdr=Qy+)d+x d+(z-Dé .




CONT...

The equation of straight line joining (0, 0, 0)to (2, 1, 1)is

x-0 y-0 -0 x y : / X=% V=W =% '
= — o B = =

2-0 1-0 1-0 2 1 1 (

=X MWW 575

S x=2>dc=2dt; y=t=>dv=dt; z=t=>d-=dt

1 1
_[ F dr= _[ (2y+43)dr+xzdr+ (32— X)E = .[ (2 +3)(2dt) +(2t.£)(d) + (t.t-28). dt
¢ 0 0

1

1 f t2
= | (312+2t+6)dt={3—+2(—}+6r} =8,
. ‘ 3 2

0




PROBLEM 4

\INfW‘i =(5xy- 1 )z+( )y -41‘)j', evaluate J A dr, where s the curve y=1 inthe yy plane
C
from the point (1,1)to (24) (N/D2019)

olution
Given 4= (Sxy- 6){2 )i+ |2)- 41)] ad & =dﬁ+a"}"}
4dr=6n-6)de+ (-0

Asogiventhat y=x" = ¢ = Dxdx, xvaies from [ to))




CONT

)
[Aw “h 61M+m'4x [5}61%& -8') i
|

2 | A
[9x 1P)d =| 9= -4
! 43

I
|
/"—-.\
[,
| 53
I
NS = e

'0'2

Jd «

s
| T




&+ Q) -40) ) = [ (53 =6 +45F ~8x%)
6 [

)dx-'gi_mi Kvw)f 2_1:1]}
14 3] L4 3) 43

=_;4os-39z]=.g.




PROBLEM 5

.

Evaluate J F.dr, where F=xyi+yzj+zxk along the curve C is I=fi+ z‘zjﬂ k and
c

t varying from —1to 1.

Given F = x)-';+ y:}' +oxk and dr=dxi +dvj+dtk

Fdr= xydx+yz dv+zox dz.
v=t, y=t. z=t

dv=dt, dy=2udt. dz=3tdt
apdt:-1to 1.

1 1 1
|F. dr={(w)dsse dvexce = [ Pde+£ Q)de+1 3F )de= | P+ 26 de +31 di
¢ 5 | i)

4

1 -l —_—
= [{Sdt+5t6df= [_+5f_ =0+511_,_1)]=E
: 11 \7 \7 7




(REEN’S THEOREM

Statement: [f R is a closed region n the xy -plane bounded by a simple closed curve C and if

Plx,y/and Q(x, r}are continous functions of x and y having continuous partial derivatives in R |

then{Pmoaa [[ =- -T)dm




PROBLEM 6

Prove that the area bounded by a simple closed curve C is given by% [(m{r- vdx) , using Green’s
theorem.

Solution: By Green’s Theorem, [P dx+Qdy = ” [ ;)dxdx

-l-[(mﬁ-'—ydx) = ” l+-1- drd.}'=[ [ dxdy = Areaof theregion boundedby thesimple closed curve.
2: 5 2% -




PROBLEM 7

Verify Green’s theorem in a plane for .[('3.\'2 -8y’ )d\'+ (4y -6xy )dy where C is the boundary of

C

the region defined by x= )-'2 s ¥y= s g

Solution: By Green’s theorem states that

[Pah+0d1 [['Q-f\dm

& )

Given [ (3x2 -8y° ) dx+(4y—6xy)dy
¢

cP 0

P 31 "81 =>E="161 7 Q=4.1""6l}':';=—6}‘

ox
Evaluation of LHS:
[(Pax+Qdv)= [ (Pax+Qav)+ [ (Pax+ Qcy)

C Q4 40

""""""""""""""""""""""""""""""""""

............................................................




CONT...
Along O4: y=x"=dv=2xdx

[ Pax+Qav = [ 32 —8x* )b+ (428 — 627 ) 2

04

—

= [(3x* - 8x* +8x* —12x*)ax =j (—20x" +8x7 + 357 Jdx
0

I e ] -20 8 3
=|-20—+8—+ =—F—t-—=—4+2+1=-1
5 - 1 y .3

o

3 5
Along 40 : y'=x = 2vdv=dx
[ Pax+Qdv = [ 304 =8y 2y dv+(4y—6)7 )y

de

0
(63" —161° +4y —61")dy = [( ¥ —221’3+41)d1

.40
.'6 .'4 .'2 ° 0 s
¥ it & =[ys_1114+21 ] _3
6 & 2. 2 2
5
+Qdv=—1+=

| Pax+Qav=
o 2




CONT...

Evaluation of RHS:

iflOldde [[1on]*'*"aa [1045-#)::&
0

- -1
o 3 2 17 3
=10[(13—13]0f}'=10 - =1o[_—-]=-
Al 5 4 5 4] 2

2 do

(a0 P
Hence ([de+Qafv=[£La; - )dxa'\

Hence Green’s theorem is vernfied.




PROBLEM 8

Verify Green's theorem for ( I:.xz (1+v)dx+ (.13 + ‘,1-'3)011-'] where C is the boundary of the region
C

defined by the lines x= 1 and y = *1. (M /]2016)

Given [x*(1+»)dx+( +x")dy

P=x(1+y) 0= 1 +x
P 8. 5

—= =3

o cx

c0 BP
By Green's theorem [ Pdx +Qdy = “( 81 }Iwﬁ

( 1 11
Consider m ——’ xdy = [ | (3x? =x)dvdx = [ [ (2x)dvdx

232 -1-1

| '\_; : 1 A 4 4 t 8
(5] o= 155 [Gl-[r 5 -0




CONT...

Constder

Jpis = +]

B K (D N
Along AB,y=-1dy=0and x variesfrom -1 to |

[de+0(h [l 1-1)dv =0

Along BC,x= ldx 0 and y vartes from -1 to |

|

=

o |

.'.deI-‘-QdJ' ]I( <+l = {—4?1




CONT...

Along CD,y=1.dv=0and xvariesfrom 1 to -1

I Pdx + Qdy = ]Ex"dx = {%I =-%

Along D4, x=-1,dx =0 and yvaries from 1 to -1

D !

| =1
: ' 1 1
| Pdx+Qdv=| (0 -Ddv =Ly | =—+1-—+1=2
[ Pax+0dy=| 0 -Dab [4 .wJ‘ 5
j'pdx+Qa§v=O+2—i+2=4—i=§ ->(2)
! 3 303

~.(1)=(2) Hence the theorem is verified.




PROBLEM 9

Apply Green’s theorem to evaluate I(Z.\'z —yz)d\' +(.\'2 -l-y2 )dy , where C is the boundary of the
C

area bounded by the x axis and the upper half of the circle X+ yz =a*

Solution A

By Green's Theorem [de +Qdv = ” f 8P dy

Given [(21 — e+ (F + 9y P=Q2x 1) = 21—P=—21

0= +y) 2%—211\5—%] (2x+2))=2(x+Y) S o —
m— — dxdy = 2“(1+1)a’u¥1

where 4 is theregion of upper half of the circle i +y2 = a*




CONT...

Changing into polar coordinates, x=rcosé, y =rsin@ ,dvdy = rdrdf and the limits are
r:0toa. =01t 1

mao g )M- [ (cos+sinf) rrdf = 2[ [ dr (cosf+sin 6) df

00 00

a7 ) 3
7 %} (sinf+cosd)] =%((o-1)-(0+1))
L7 J
=i3qj-(numerically)




PROBLEM 10

Using Green’s theorem , Evaluate I( vy —sin x)dx +cosx dy where C is the plane triangle bounded

by the lines y= 0, x:%rand y=

Given I(y —sin x)dx + cosx dy
C

: cP
P=y—sinx = —=1

“(—sm

[(1 —sinx)dx+cosxdy =
c

L%

(

Solution: Green’s theorem states that [ Pdx+Qdv = [ [

:Q=cosx

C
2

).

ox

x—1)dxdv

1 x 1 g
=I[cosx—x]§,.c{,\--' = [(c
0 2 oL\
1
s
Ty 2 ﬂ-y‘
=| i -
2 4

cQ ;
=>—=-sinx

(60 &P

L ox oy )

Jee

Ty




PROBLEM 11

Verify Green's theorem in a plane for [(3.1'2 -8y ) dx+(4y-6xy)dy where C isthe boundary

¢

of the triangle formed bythelines x=0,y=0 and x+y=1.

Solution:
Green's theorem states that

Given f( 3x? - 8.}'2 j dx+ ( 4y -6 l}') dv

¢
[de+0d1 [ —Q—Eﬂdmﬁ
\ox Oy
P=3x -8y
§=-l6.}'
oy
Q=4y—-6x
a———61
&.

A

‘ B (0. 1)

=0

01(0,0)




CONT...

Evaluation of RHS:

[ao ap]dw) ”(—6) +16)) by

11-»

[flO\dxdx IIOI[A]O dv

= _flO..v(l-.l-')ﬂfl’
0

5
=10[(y—2?)av




CONT...

: 3 A
-10 J'__J_}
(2 3,
=10 1-1]=§
278176
.5
3
Evaluation of LHS:
((Pax+0Qdv)= [ (Pdx+0Qdv)+ [ (Pdx+0Qav)+ [ (Pdx+Qdv)
C 04 AB BO




CONT...

Along O4: v=0=dv=0
| Pax+0av = [ (3% )ax
04 Q4

3 1
=[3" ] — ==
3

0
Along AP :
x+y=1=2y=1—-x

= dv =—dx
| Pax+Qav = [ (3x* —837 ) dx+(4y —6x0) v
AB AB

2 .[ [3:% — 8(1—x) lax +[4(1—x) — 6x(1— x)](—dx)




CONT...

(11 +26x —12)dk

[l
et Sy, €

— 3 2 0 2
XY x| = (-Gr 21 = 1=
7 3
x:

2 3 3

1
Along BO: 0= cc=0

[ Pax+Qdy = [ 4vay

8 5
-[Pac+ody=1+2-2=2
C 3 3

Hence Green's theorem is verified.




(GAUSS DIVERGENCE THEOREM.

Statement: The surface integral of the normal component of a vector function F over a closed

surface S enclosing the volume V is equal to the volume integral of the divergence of F taken

throughout the volume V.

"; oS =ma7 VFdV = mV o FdV , whereis the unit outward normal to the surface S.
s r r




PROBLEM 12
A

Use Gauss divergence theorem, prove that ﬂ rads=3 , where Vis the volume enclosed by the

\
surface S.

Solution: By Gauss divergence theorem
\

H Dl mVo;d ”[[—H—ﬁ—-—kl 7+1 j+ de m : 1+;-:-( )J v

=.[;[j 3V

=3V




PROBLEM 13

-
Verify Gauss Divergence theorem for F =4x7 i+ y" j+ ¥z k over the cube bounded by
x=0,y=0,z=0,x=a,y=a ahd Z =a.

Solution
Bv Gauss — Divergence theorem _U F -jids = J.H divF -dv

Evaluation of LHS: """"""""""" E """""""""""""""""""""""

HF nds-”F b ds+HF nds+.. +HF n ds
51 35

a

OverS;: n=—i,x = a C(0.0.4)

/ M. 0. )
aa !
[[F-n ds=j.|‘(0)a{vd: =0 L0.0.a) B la

A u)
51 00

OverS;:n=i.x = a 0(0.010)/ A« 0.0)

Il F‘-;ds=7‘i(4a:)afvd: B(0.4.0) Nf{ua0)
53 00 : Y

_a (‘:2 i (a ‘—a 3.4.- n:3r. & ry 4
__([ 4at?] dy= [[40L7—0}:|aﬁ-—j 2a’dv=2a’[v]8=2a

/0 0 0




CONT...

OverS:: n=—;.v =0

aa
Hﬁ.?ds=_[j(0)dxd: =0
S3 00
OverSy: n=j,v = a
a
[ 7nas= [ f(-a ) dxds = [ -a’[x]g & =[-a’[a-0]dz =—a*(@)l2]§ = - a’
34 00 0
Over Ss: n—k,_

IIF‘-n-ds=‘|z?(0)dxdl’ =0
35 bb
Over Sg: 7;=l-é,: =a

aa a a 2 '2 a 4
Hﬁ'gd“:”a@’)d’ftﬁtf a[x]gyay = [az‘l’aﬁ:{a M ] 5
Ss 00 0 0 2 2

4
= [[F- nds= 0+24" +0—d +0+"7 3%

S




CONT...

Evaluation of RHS:
V.F=4-- ¥

aaa

fIUVFdV ([([)([(4- ) dxdyd=

[l =] llsee-a Jeve

oo e {2 o)

LHS=RHS

Hence, Gauss divergence theorem is verified.




PROBLEM 14

=>

>

Verify Gauss Divergence theorem for F = (:2 : )1) i-(y2 : xz) i+ (12 - xy) k over the cuboid

boundedby x=0, x=a, y=0,y=b, z=0and z=c

Solution:

By Gauss — Divergence theorem H F -iids = H I dF -dV
S v

Evaluation of LHS:

([ #oids = [[ F s+ [|F s+ +[[77as
s 5 ) 6

OverS;: n=—i,x =0

¢
H Fonds =‘|‘ f (yvz)dvd:z

9 00
4B " 3 79
{2t 22
4 N P A

L{0. b, ¢)

C(0.0.¢) M0,

¢

5 P (a]h. ¢)
_’
h a A, 0,0) .
B(0.50) N (, 0, 0)




CONT...

OverS;: n=ix = a

Y 1 b (2Y 22V 52,2
”‘F N ds = [ [(—‘}J:ﬁ-a")d‘}'d: :J‘ —y(-_} — a2 [:]; af":——[—] +cq [ ] i —a‘lbc—_
5 00 o 2y 202 ) 4

OverS3: n=—j.y =0

7 \@ YA W) ]
HF nds= “(x:)dxa’. ‘[(::] d: ::i(i) =ic2:
5 00 B0 M Y e

OverSy: n=j.y =b

2 2.9
ﬂﬁ.;ds=c[‘f(-x+b2)dxd: =f -’(£)+bza]ds s U0
54 00 0 2

Over Ss: ﬁz—fc,: =0

ﬂF nds= ”(n)dxa‘t "

35

sl




CONT...

Over S¢: idz=ldc,: =C

b bl 2 3 oY)
(1770 =[[oveedydsay=| H e
S 00 ol L2 4

= a’be+abc +abc? =abc(a+b+c)




CONT...

Evaluation of RHS: V.F=2(x+v+2)

cha
([vEar=([[2G+y+2)dvdva:
b4 000
ch 2 a cb[ 2
=2”{l—+xy+x_‘ dvd:z =2” {a—+ay+a: dvd:
ool 2 0 00l 2
c[az .},2 T [azb: ab®z  abz* T
=2[ —v+a—+a:z | dz=2 + +
5 2 2 5 2 2 2 -
2 a*he ab’c abct iy 2 2
—2[ 2 + > + > ]—a be+ab“c+abc® =abc(a+b+c)

Hence, Gauss divergence theorem is verified.




PROBLEM 15

Verify Gauss divergence theorem for F=yx ?ﬂ»‘ }+ :312 taken over the cube bounded by the

planesx=0,x=a3,y=0,y=3,z=0and z=a

(A/M2018)
Solution:
By Gauss - Divergence theorem j J' Fonds = m divFdV A Z
) V (0,0,4) (0,2, a)
Evaluation of LHS:
(177 = ([ F-ns [ - +..+ [[ Foncs »/ (/
S S $ 56
A

OverSi:x=0, n=-1

A aa ) bl N - — aa
“F-nds: [[(x’fﬂ-"j+:’k).(—i)d.,1v'd: E ”—13 dvd:
5 00 00
=0

(0, 8,0)
N

(0,0,0)

%

(3,0,0)

X

(4,2,0)

-

Y




CONT...

A
OverSux=a n=1i

ada aa
ﬂF nds = ” i+ 131+ ).()dv - =“13dyd:
) 00 00

aa ﬁa a
= [ [a3 dvd-=a’ [ [y]gd: =¢ .[ad:
00 0 0

=a4[:]g =a4(a)=a5




CONT...

A

OverSa:y=0, n= —:;"

i aa . aa
"F‘-na’s: [ [(x’f +3° 7+ () dxd- = ”—}'3 dxdz =0
53 00 00
A -

OverSsy=a, n=j

LA aaq B " iw _‘ aa
([ F-nds=[[(FT+27+2°0).G)dxd:-= [ | ¥ dxd-
S 00 00

O'—;Q

;f dxd- = 3[[).]0 =a’ [[a O]d: —a"[ ]o-a (a)= a

A

OverSs:z=0, n= —k

A aa 5 G Sxas aa
([ F-nds=[[(FF +3°F +2R).(=R) dxdy = [ [-=* a@xdv =0
Ss 00 00




CONT....

A

-

OverSs:z=a, n= k

aaqa aa
(7 s =] {27+ 75 + R Ry aitr=| | = ey
S 00 00

[]gdt =7 (‘;aaﬁ a[]o—a (@=a

O—'tQ

ﬂf’-nds = O-i-a5 -i-O-l-a5 +0-i-a5 =3a5
S
Evaluation of RHS:

7_[79 ¢ ¢332, 3= , 33"
VF=li—+] —+k —|(Xi+y +-" Kk
( 81 J a}" a_)( J )

V.F=3x"+33"+32°







STOKE’S THEOREM.

Statement: The surface integral of the normal component of the curl of a vector function F over an
open surface § is equal tothe line integral of the tangential component of F around the closed curve C

bounding § o
[ Fodr= ” curl Fonds = H (V «F )0;5 ds
§

¢ §




PROBLEM 16

If Sis any closed surface enclosing a volume V and F =axi +byj +czk, prove that

[[Fiids =(a+b+o)V

S

Solution: [ 7 ds =m'VoF'dV=J'H(£;+ 8
S I 7 X c)

= c = - - >
j+—_K)°(mi+b}j+¢x)dV

e imye Sy b
= _[;U [g(m) + o @)+ @) }d» —(a+b+oV




PROBLEM 17

Verify Stoke’s theorem for the vector field defined by F= (}.\*2 + 97 ); + 2.1;;-'} taken around the

square bounded by the lines x=0, x=1, y=0, y=1.

Solution: ]
S — 'Y
Bv Stoke’s theorem [ F.dr= H curl F.n ds - y=1 B
c s
Given F = (> +37 );-I- 2xy ]
Fdr=(¢ +37)ax+ 2 o
X
O =0 7 w—




CONT...

Evaluation of LHS:

E‘jf-dr: j'+.|’+j'+j

Q1 48 BC CO

Along OA : vy=0=dv=0,. xvaries from Oto 1

i]l
3

/o

[Fdr —[(.1 +12)dx +2xv dv —[xld

O
Along AB: x=1=dx=0. y wvaries from Oto 1

F‘Oh‘ﬁﬁ

[Fdr—f(1+1 ).0—2y av ——21 —}
\ /o

Along BC: v =1, &v =0 _. X varies from 1to 0

=~ _troa [ x° 3 "1 "‘- 4
[ Far=[(x*+1)ax—0=| ——+x| = 1j=—3
- 1 ' b S il
Along CO: x=0. dx =0, y varies from 1to O
__ C
Fdr=|[(0+3»)0+0=0
co 1
- o~ e P e po—— ] 4
NFar=Far+|Far+ | Far+ | Fdr==—1—2=-2.
c &1 g Be co 3 3




CONT...

Evaluation of RHS:
i j &
curl F = % g % = ;[0 - O] — }[0 - O] - 12[—2}' = 2,1-'] = —4}’;’.
Z+3t 2 0

Astheregion is in the xy plane we can take n=kand ds = dxdy

—— o 11 (32 ! 1
chn'l F.nds= H—{vk.kdxaﬁ-' = —4[ [y dxdv = —4{7} (x), =-2.
s 00

0

[fd; = ” cwlF.n ds
c s

Hence Stoke’s theorem is verified.




PROBLEM 18

Verify Stoke’s theorem for F= (y-z+ 2)2+ (vz +4)} - xzkwhere § is the open surface of the
cube bounded by x=0, x=a, y=0, y=a, z=0and z=a above the XOY plane.
Solution:

By Stoke’s theorem [ Fdr= “ curl F.n ds

¢ s z
Evaluationof LH S
I LAY R SR
; (} Z+2_)1 ik C (0.0, a) M 0 a)
Fdr=(y-z+2)dx+(yz +4)dy -xzdz ,
Astheregion is in the xy plane we can take i Plale o)

z.=0=dz.=1): o
N T | 0(0.0}0)/ Ae.0,0) |
S Fdr=(y+2)dx+4dy

[FF=[FF+[Fa+[Fa+ |77

C 04 AV NB B0

B(0.¢,0) Nva0)




CONT...

Along OA: v=0, dv =0, x:0 7 a

2

_[f? fdx 2x]° =2a.
04

Along AN: x=a. dx=0.;v=07%0 a

"

IFE [( +2)(0) + 4dy = 4[1]? = 4a.
AB 0
Along NB: v=a, dv=0.x:at00

0
I Fdr= [(a+2) di= (a+2)[.x] = —(a* +2a)
BD a

Along BO: x=0, dx=0:;v=at 0

0
[ Far=[(+20)+4dy =4[y] =—4a
Do a
[fE =2a+4a—-a*-2a-4a=-a’.
C




CONT...

Evaluation of RHS:
P E
cwl F = i i kil
ox cv oz
v—z+2 yvz+4 -x

=;'.[0 —y]—}'[—: +1]+7c:0—1] =—y;+(:—l)}'—l}

H curl Fnds = ”cm'i F.nds+ ”curi Fonds+... +”cur1 F.nds

(Since S is open surface)
s 5 55

35
OverSi: n=—i . x=0

[[vxF.nds =[] e = [ [[3].ay = [‘;] =
00 0

5 00

OverSz: n=i .x=a

” V xE.nds =ﬁ|:—y?:| .(?)a{vd: = ﬁ[—l] dydz=— [1—2:' [2);=— z
S 00 00 0

2 = N




CONT...
Over Sz 1;=-} y=0

ﬂVands M[( ~1)j |(=7)dve = [[H -1)] dxc: --[; Img:-{%&}

Over S4: n=J V=a

- H[( D] G = H[( -D].dxc { }mo_{ —aJ
OVﬂSSZ;;:fc,::a

[[75F s =] [[ ] Gy = [ i =-{: =

5 00 00

- LHS=RHS. Hence Stoke’s theorem is verfied.




PROBLEM 19

Verify Stoke's theoren forthe vector F = .xyf -0)- 1k, where Sis the open surface ofthe

rectangular parallelepiped formed by the planes x=0,y=0,z=0,x =1, y=2 and z= 3 above the X0Y
plane,

By Stoke'stheoren: j Fdr= ” VxF nds
0

Evaluationof LHS:
Fd=|Fd+|Fd+|Fds|Fb
C M 8 B D
Along0A:y=0,:=0,dy=0,d: =0
Far=0

04




CONT...

AlongAB:x=1, z=0,dv=0,d:=0
| Far=[0=0
i3 iF

AlongBD:y =2, :=0,dy=0,d:=0

0 0
[H’z‘z [(2x)dx =[2xdx =[2L} i
8D B 1 !
AlongD0: x =0, - =0,dxr=0,d-=0
[Fd={0=0

[0 D0

- LHS=|F = 0+0-140=-1

¢




CONT...

Evaluafi‘o?ofRH&

[[oEndo=[ff <[]

S N % o8 s 8

Given, F = (x ')1-2)fj-1’k
i §

fo=§ g 2-2174,( ofieak
Xy -2 -X

OverSi:x=0, r-

”Vands ”[211](-1)dmd ”-21d1d ”_23'(1}.(1 j{ 22‘ Ld =—4(z ) =219

00 00 0

OverSg:x=1,n= i




CONT...

[[Vands H[zn]()dyd: j;j21d1d J;[E;—z}:dnu

00

OverSz: y =0 ,n: = |

T - —— 31
[[vxF.n d5=” [‘SJ'](_-J Jdva: = [[(z) dxd
5 00 00
Over&:yzl,;i:j

31 31
“‘VXF.I; ds=”-:}3dxd: = “(’5) ax d:
17 00 00

o

OverSs:z=1, K=

. 21
VxF.nds=

s 00

IRIRIRSIESIE
SC USRS %K

-~ LHS=RHS.

Hence Stoke's theorem is verified.




PROBLEM 20
Verify Stoke’s theorem for F= (f’ . y2 );+ 2.1}»‘}' in the rectangular region of the z=0 plane
bounded by the lines x=0, x=a, y=0, y= b.(N /D2019)

Given F = (x2 -y );+ 21_1'}'
By Stoke's theorem [1? dr = ﬂ cwrl Fnds

¢ 5
Evaluation of LHS:
[Fdf [+[+]+]

04 4B B (0

Along 0A: y=0=dv=0, xvaries from 0 to a

[f.drz {f(.x'zjdx
Q4 0




CONT...

Along AB: x=a=dx=0_. v variesfrom Oto &

[ Far= fzqr ay
iz 0

'2 b
=2a(L) =ab?
2 Jo

Along BC: v=56. dv =0, xvariesfrom a to 0

O
| F.ar=[(x*-b)dx
BC a

Along CO: x=0. &x=0. yvariesfrom 5 to 0 '




CONT...

o S
| Fadr=""+ab®> —"_+ab®>+0=2ab"
Evaluation of RHS
i ¥ i
Cl[]’]? — i i i
o ch =
5= ._1'2 2xy O

=i[0—0] —s[0—0]+A[2y+21]=4

As the region is in the xy' plane we can take » =& and ds = adxadv
_f_f crel F r1ds — j‘j- 4 Fo i av
s

l ‘,«
x|

=4f?1 adxdy
OO
{
-4(35),
= 2ab"

e _f EF_d» =I_[ crod E_ridds
c

Hence Stoke’'s theorem is verified.




THANK YOU




