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SYLLABUS

. PARTIAL DIFFERENTIATION

. EULER’S THEOREM

. TOTAL DERIVATIVES

. CHANGE OF VARIABLES

. JACOBIANS

. TAYLOR’S SERIES FOR FUNCTIONS FOR TWO VARIABLES

. MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES
. LAGRANGE’S METHOD OF UNDETERMINED MULTIPLIERS




Partial derivatives :

Ifu = f(x,y,z), the derivative of u w.r.t X treating y and z as

constants is called the partial derivative of u w.r.t x and is denoted

0 iz du . ; : :
by ﬁ or u, . Similarly ﬁ is the derivative of u w.r.t y treating the

: ou . : : 5 o
other variables x and z as constants. £ 1s obtained by differentiating

u w.r.t ztreating X and y as constants.




PARTIAL DERIVATIVES
Let z= f(x,y) be a function, then

(1) First order partial dertvatives
(1)  Second order partial derivatives

(m1)  Thard order partial derivatives

0z Oz

_ &z &z Oz

S A sz ,53((21’

_ Oz &z 0z Oz
" s 5)?3 > axz@)/" 5«\‘5)’2




Note:

3%z 0 {0z
= Uxy

L E;;5:=49x dx
) 622__ G, (02)__
“ay? aylay)
1
3 0%z 0 (02\__
' 9xdy  0Ox ay,) - oy
0%z 9%z

4. —
dxdy  0dydx




i

Problems

ou ou 51/

e _ - , + =0
If U (x y)(y Z)(Z x) show thatax av OZ

Solution:

Given u=(x-y)y—z)(z—x) then

ou

a—(l_z)[(l_x)( D+(@-0)D)]=0-2)z-x)-(y-2)(x-y)-—-(1)

g—:[—(z D)E—D+ (2D =C—3)z—x)—(—2)z—x)———(2)

%,

”_(\—1)[(1—2)(l)+(2 =D |=C—9)y-2)—G=yNe=%]———)
ou ﬁu Gu

Adding (1),(2) and (3) we get + =)

Ox ﬁv @z




2. If u=x" then find () U, (i) Uy

Solution
Given u=x" ———————— (1) then
(1) Differentiating (1) w.rt ‘y’, we get
u, =x" log x
Again differentiating w.r.t ‘x’ we get

1

x" 7 (1+ ylog x)

gt [log x] +x’

(11) Differentiating (1) w.r.t © X’, we get
3 — "
Again differentiating w.r.t ‘y’ we get

_ iyl ’ =1
u, =yx " logx+x




Again differentiating w.r.t ‘x’ we get

o e o .
e = 1('—)+(1+ ylog x)(y—Da’? = yx’ 2 + 1+ ylog ,x)(y— D’

X

S

.

PR (% M ("
3 If z=»*tan’ (l) —y’tan”'| = | proveth
x y
Solution
2 . — “ 2 o .\-
X y

Differentiating w.r.t ‘x’ we get

aly : 1 —y
zl_:thanl(“—jan‘ - ( - j—
X V- X

14| =

) >
x -y
ALz S o
SN
- i
J} : s
X %




2 3
il ¥ —X )y y
=2xtan”' | = |[+ ——— ———
X X =y X Ty
T (I
=2xtan”' | = |-y
X
Again differentiating w.r.t ‘y’ we get
1 1 2% x? =y’
Zm‘zzx\':z'x 2 == _1= 2 2—1= 2 ’2
| ‘ 1+(y'] % X +y X" +y
xl




4. If u-= log(x3 o y3 +2z° —3x3/’.:') then prove that

)

_ Ou Ou ou 3 a g @ oY 9
(i) +—+—= (ii) - = — -
ox Oy 0z Xx+y+z Ox Oy Oz (xrytz)
Solution
Given - 3 3 3 )
u=log(x’+y +z —3xyz2)
Then

ou 3(x* —zp)
ox X +y +z°-3xyz

ou 3(y* —zx)
oy x+y +z°—3xpz

ou 3(z° —xy)
0z x*+y’ +2z° -3xyz




ol 811 811 3(x + y +2° —yz—2x —xp)
8x av 0z X +y +2° =3xz

(1)

ou Gu 821 3(x*+y° +2° —yz Zx — X)) 3

8x &‘y Oz (x+y+z)(x +y° +2z° —yz —z2x — X)) (x+y+z)

g g @ 3
+—+ U= ——————— — (1)
ox 0Oy Oz X+y+z




0 O

0

(i1))  Operating ( ~ + - -

|

5:] on both sides of (1), we get

6 o oY
e U=
Ox Oy Oz

g .9 .6 3
+—+
Ox 0y OzN\x+y+z

0 3 4 0 3 i %, 3
ox\x+y+z) oOy\x+y+z) oOz\x+y+z

12




5. If x=rcosO,y=rsin® prove that

A {(@]E(@j } (ii) gxe ; gye —0 (x#0,y#0)

ox* oy® r|lox oy
Solution:
X =rcos 0, y =rsin 0.

. X?+y?>=r’and tan 0 = y/x

Differentiating r> = x? + y? partially w.r.t x, we get

. ar_z . ar_x
r.ax— X i.e., e

(1)
Differentiating r* = x> + y? partially w.r.t y, we get

5 (’)r_2 . dr vy 5
r.ay— y i.e., T T (2)




Similarly from (2), we get,




From (3) and (4), we get




Homogeneous function :

A function {(x,y) is said to be a homogeneous function of degree n in x and
y if

. y X
fay) =x"F (%) or f(xy)=y"G(5)

Euler’s Theorem

o I

If f(x, y) 1s a homogenous function of degree n in x and y, then x—+ y e =
Ox ly

If f(x, y) 1s a homogenous function of degree n in X and y, then

20 f ~6J"
oy*

Ox? @.\8}

=n(n-1)7.




Problems:

1. If uis a homogeneous function of degree » in x and y, show that

Y N LA LAA)
lx xyaxay yay?_—nn u
— ~1(Y X
= 1 .40 TG, SUOE i (Lo
(ii) Given u(x,y) = x“tan (x) y“tan (y)
2 0%u %u 2 8%u
Find the value of x? a2 T 2xy oxdy +y ay?
Solution: ou  du
(i) By Euler’s theorem X —— + y —— By = T e (1)

Differentiating (1) partially w.r.to x,we get

2 9
o‘u Oou o‘u ou
X ~ 3 =+ +y = = nT
ox° Ox OxOy ox
o*u 6 o
(ie)x S =(1-D— oo @)
ox 6\61 Ox

Ly




Differentiating (1) partially w.r.to y,we get
o’u O'u Ou  Ou

X +y—+
yox oyt oy

.. Ou_  u ou
(ie)y—+x =n-1)— ....... (3)
oy  Oyox oy
2)xx+3B)xy=>
50 1 0°u S0 1 o°u
X —+xy +y —+Xxy
ax Oxoy oy” 0y ox
ou ou
=(n-1Dx—+mn-1)y—
(r=Dx =Dy
| L
Ox Oy
=(n—1)(nu)by (1)
i oOu Ou

oxoy Oyox




0%u 0%u 62u

e 2 = -1
=5 T LXY T + y? 6y =n(n Ju

dx

(1) u(x, y) 1s a homogeneous function of degree 2.

Hence by Euler’s extension theorem

Zazu 5 d%u 5 0°U
dx° xyaxay

+ y? 0y =mn(n—1hi= 2(1 0 = 2u.

Ty du Ju 1)
2. B o — cpel ( X ) prove that = —_
N Y ox T Vay o

Solution:
X Ty

Rk CosH = \/§+\/?=f(x'y)

cosu = x( kil )
 Vx\1+y/Vx

= x/2F(y/x)

19




_ S— . 1
This 1s a homogenous function of degree =

By Euler’s theorem,

xa+ya—y—nf

d(cosu) o d(cosu) 1

X —— y 3y = cosu

. du _ du 1
x(—smu)a+y(—smu)$—Ecosu

ou ou 1

—= s i o t
x6x+y6y 2cou




3
3. Show that xa—u+y,?_yl+z.%'l —9 tanu where U= sin‘l{x +y’ +2

X ax +by+cz
Solution:
3 3 3
: X =F =+ 7
We have, sinu= y
ax + by +cz
3 3 3
] et X T =7
c f(x, Y, :) - b 4
ax + by +cz

x 1 '[‘*y3 iy
atx + bty + ctz

£ (xtv,12) - P f(x,9,2)

- (X, y, z) 1s a homogeneous function of degree 2.

. By Euler’s theorem,
of of of
X.—+y.—+z.—=210
OX oy 0z

|

21




From (1), we have, f =sinu

of ou of ou

— =COS U.— ———CosSu and
Ox ox Oy oy
Substituting these 1n (2), we get,
cu ou o
X.COS U.— +y.COS U.— +Z.cos U.— = 2.sin u
, 0z
ou ou ou
X.—+y.—+z..— =2.tanu

ox "oy oz

SJE

oZ




3 3
4 X +y

= 5 2xy *u_ =2si 3
4. If u=tan S prove that x"u  +2xyu  +y“u,  =2smucos3u
Solution:
. gltorEor Il . .
Given that % = tan e implies
3 ‘3 ~ - al
tanu = f(x,v) =2 ahomogenous function of degree 2.
® TRSEED

Theretfore, by Euler’s theorem x@: +y 9 _ nf=2f

Ox oy
O(tan u O(tanu
x—(—)+ y-—(——) =2tanu
ox )]
5 ou ou
sec u| x—+y = 2tanu
Ox oy

= ~ -
ou ou sinu :
[x——— + J"T] =2 cos'u=sm22y—-————————————————— (D
0)

ox cos U

’




Differentiating (1) partially with respect to x and multiply with x, we get,

o’u Ou o u ou
X—+—+Yy =2cos2u—
Ox~ Ox Ox0y Ox
, 0%u ou o’u ou
X"—+x—+Xxy = 2xcos2u —
ox” Ox OxOy Ox
x Q+g aH. (2C0$211—1)x@ ———————————————————— 2)
Differentiating (1) partially with respect to y and multiply with y, we get,
o‘u ou o’u ou
y—+—+x =2cos2u—
oy~ Oy Ox 0y )
5 U oul o0°u oul
1% —+y—+Xxy =2ycos2u—

" oy T oy =~ Oxoy

>

A 82 82‘ a
2 i ! =(2cos2u—l))' 5

N




Adding (2) and (3), we get

; , ou ou
x“u, +2xyu_ +y‘u, =(2cos2u—1) (x —
) e Oox ~ Oy

=(2cos2u—1) sin2u =2sinu [40033 1 —3¢cos 11} = 2sin u cos 3u

TOTAL DERIVATIVES - CHANGE OF VARIABLES

Total Derivatives:

If u 1s a function of two variables x and y 1.e., u=u(X.,y) , then the

ou Ju

derivative du = o dx -k P dy 1s called the total derivative of u.




Note:

1. If u=u(x,y) and y 1s a function of x , then

du Jdudx OJdudy OJdu dudy
— = == — = ==
dx OJdxdx Jdydx Ox dy dx

2. If u=u(x,y) and both x and y 1s a function of t, then

du 0udx+6udy
dt odxdt O0ydt

u

u




3. If u=u(x,y) where both x and y are function of v and w , then

ou OJdu dx OJdu dy du Ou 0x au ady

_—__+__ —

dv 0x dv 0dy dv g ow  ox 6W dy ow

4. If u=u(x,y,z) where both x, y, z are function of three other
variablesr, 8, ¢, then

N\
AN

\"4

OH . SR 0K QWY | OF OF 10U 04 0% o 0% 09, OW 02 |
3  exor 959 9 o7 @0 ox o | oy a0 Bz oD /\Z
0 \
05k, OGO i J0 / /\\
do dx d 0y d¢@ 0z 0@ g+ " = ;
6 Y
Differentiation of Implicit Functions v
of /\\
dy i P I' & \ @
e ———— 8
dx 0

dy




Problems:

1. If Z=x2+y2 where x=t39y=t2,find dz

dt
Solution:
Given :
z=x%+y* x = t3 y = t2
0z dx dy




dz 0zdx 0zdy

dt - oxdt T oydt
= 2x(3t%) +2y(2t)
= 2t2(3t%) + 2t*(2t)
=2¢%(2 +:3t%)

2.

g d
If z=x2—3xy2where x=et,y=e ; 9findd_:

Solution:

Given :
zZ=n=3eye | =gt y=e"
g—i=2x—3y2 %zet %}z_e_t
dz
@ = —6xy




dz_ 6zdx+
dt Odxdt Jydt

0z dy

= 22 —3y*)e) —b6x3(—™")
= (2et = 3(e™H?)(et) — 6ete~t(—e™)

= (2e%t —3e7t) + 6e7t

3. If u=x%+ yz + z% where

Solution:

Given :

= 2e?t + 3¢t
x=t,y=cost,z=sint find ﬂ
dt
u=x%+y* + z* = y =cost z=Sint
ou dx dy , dz
EC.=2x o —Ez—smt E=cost
ou
oy~
du
— =2z

0Z

30




du Jdudx dudy dJdudz

& kg G o
= (2x)(1) + (2y)(—sint) + (2z)(cos t)
= (2t)(1) + (2cost)(—sint) + (2sint)(cost)
= 2t

4. If u=log(x+y+2z) where x=e!,y=cost,z=sint, find AU

Solution: dt

Given :

31




u=loglx+ty+2z) | x=e* | y=cost | z=sint
du 1 dx _; |4y . dz
YT =€ | g, = —sint| = cost
du 1
dy x+y+z
ou 1
9z X+ V42
du Oudx Jdudy OJdudz
gt axdi " oydi " ezdt
= (x+)1/+z) (—e—t) T (X+;+Z) (— sin t) T (x+;+z) (COS t)




il . :
— (x v z) [(—e™) + (—sint) + (cos t)]

. (—e_t—sin t+cos t)
~ \e~t4cos t+sint

5. If u=xy+yz+zxwherex=t,y=e!,z=1t*, find %‘
Solution:
Given : u=xy+yz+zx| x=t | y=e' | z=1t?
ou 5 dx i dy 5 | 1dZ 3¢
e —_— —_— ——
ax 2% |at dt dt
du "
ay—x Z
du 5
az_x Y




du B Ju dx

Framl- T

dudy Odudz

T e

=(-Ez)() & (x t2) e )3 (-t y)2t)
= (et +t*)(1) + (t +t%)(e") + (t + e")(20)
= 3t% + ef(1 + 3t + t?)

6. If u=x%+y%+2z> where x =e?,y=e?cos3t, z=e*sin3t find du

Solution:
Given :

u=x*+y*+2° ¥=¢2 |y=e*cos3t 7 =0%sin 3¢t
% = 2% % = 2e*t % = Ze2t cos 3t % = 2e?t sin 3t
ou — 3e?tsin 3t + 3e?tcos 3t
oy =%
du
i 2Z

dt




du 6udx+6udy+6udz
dt o0xdt OJydt 0Jzdt

= (26)(2¢7%)
+ (2y)(2e%tcos 3t — 3e?tsin 3t)+ (2z)(2e4tsin 3t + 3e?tcos 3t)

= (Z2e*5)(Ze”")
+ (2e?tcos 3t)(2e?tcos 3t — 3e?tsin 3t)+(2e?tsin 3t)(2e4tsin 3t
+ 3e?tcos 3t)

= (Ze*)(2e™")
+ (2e“tcos 3t)e?t(2cos 3t — 3sin 3t) + (2e*tsin 3t)e?(2sin 3t + 3cos 3t)

= 4e*[1 + cos?3t + sin*3t]
= 4e*(1+ 1)

— 8e4t




7. Find Z—u given that U = sin(x* + y*) where x?% + y* = a?
X

Solution:

Given u = sin(x? + y?) where x* + y* = a*

du ou ou dy

= (1)

dx ox dy dx

u =ssin(a®+ y°) x?+yt=a
ou
ax
ou y _ _ X

@ = 2y cos(x2 + yz) dx y

d
= 2x cos(x® +y%) | 2x+ Zyd—i/ =10

Sub. in eqn (1)




du_ 6u+6udy
dx 0x O0dydx

= 2x cos(x? + y%) + 2y cos(x? + y?) (— 5)

= 2% cos(xz -+ yz) — 2Xx COS(DC2 + yz)
=0




8. Find?% giventhat xcosy+ysinx=1
dx

Solution:

Let z=f(x,y)=xcosy +ysinx — 1

of
L S O — (1)
dx 9f
dy
of
ax—cosy+ycosx
of : :
y XSty +sinx

Sub. 1n eqn (1)

af
dy o . (cosy+ycosx)  cosy+ycosx
dx 9f —-X siny+sinx X siny-sinx




9. If u=f(x—y,y—:,:—x),thenshowthata”+au+5u=O

Solution :

Given

u=f(x-y,y—z,z—x)= f(r,s,t) where

or_jor__ o
ox 0y 0z

O i By B

ox Oy Oz

o _por
Ox oy 0z

-

r=X=y;,8=y—Z,l=zZ=X

39




Ou  Ou Or 5 Ou Os ¢ ou Ot
ox drcdx o05ex of.0x
ou ou ou
=—(1)+—(0 +— 1
5 (1) = (0) (1)
Ou Ou 5 ou
ox Or Ot

611 611 or 521 oS 811 ot
8y or Gy Os ay Ot Oy

ou ou ou
= = Al ——10
~ (=D = (D) =~ (0)
ou B ou ou

+
oy or Os




ou  Ou Or ; ou Os " ou Ot
Oz Oroz OsOz Of Oz

ou ou o
= O+ =D+ )
or
o ou ou
LN M | i
0z os Ot

Now

ou 61/ @u ~ Ou 01/1 B ou Ou 3 ou @u

zf =0
Ox 6y 0z or ot or Os 8S o




) then show that x @+ y @ e = ()

>:|N

X Yy
10. If u=7f|=,=,
f[), z 81 a‘)’ az

Solution :
: X y z X V -
Given u=f|—,=,— |=f(r,s,t) wherer =—; s ==t =—
e Z X y Z %

or 1 Gr__ x Or

= = —=0
Ox y Oy y2 0z
NN
ox Oy z Oz -2




Ou Ou Or N ou Os N ou ot
Ox Orox oOs oOx Of Ox

A
é‘u( 1J+@(O)+@ _%}
or oS or\ x*

@_ﬁ 1 611 z )
ox Or\) ey

ou _ Ou Or 811 Os 811 Ot
oy  or oy as* ay Ot Oy

5.1

ou ou X 811( 1 J
— S + s | S
oy or( y*) os\z




Now

ou

Ol B ou or " ou Os N ou Ot
Oz Or Oz Ot Oz

Os Oz

ou ou oulx) ou [ z ) oul x
X—Fy—Fz—= — e =
ok "y oz o\y] ot\ x) eFl y

=4




11

X—y V-2 z—X oul oul oul
If - 27 270 then show that 2 2 2
Y ) X & S oy &
Solution :
Given x—y y—Z 7 —x £ wh
= f(r,s, t)where
A
i l_l;szﬁzl Lo ol
X vz z ¥ ¥z X Z
or_1 or_ 1 or_,
(")x X 2 , 6) v‘?‘ : Z
os_,o0s_ 1 os_ 1
& Oy 2 0z 2
ot 1 or ot 1
—:——,—:O’ =
Ox 2 0oy oz -




Oou Ouor oOouods ou ot
= + +

& Ordc OsOx Of Ox

ou oul 1 ou 1
coms: -4 —
ox or{y2) ot 42

Ou _ Ou Or . ou Os N ou ot
oy Oroy Osoy Otoy

5 r y‘" 85 y 2 6T

1




Ou  Ou or i ou Os 3 ou ot
Oz Oroz Os Oz Ot 0z

oy anf 1), a1
or os Zz ot 2

ou ou 1 ou( 1
= —— |+
aZ 8S 22 31 22

r0u -H0u 0u Ou Ou Ou Ou Ou 811
XT—+y" —+z =——

— — + —
ox oy 0z Or Ot Or Os 85 ot

Now

= ()




(2. 18 1=, ) and x=reost,y =i, prove hat (28] o[ 2] (2], 1(2)
§

oy or 2 { 09
Solution:
OX OX .
¥Y—=Tcostl — ——e0sy = —rsin O
or 89
y=rsinf = Q=sin6 @=rcos()
Wehave O 00 OX O OF OB oot P @i wmmmss (1)

FE e e e

Also we have

g (o Gué‘y au(-rsin6)+@.rcos(9
o0 ox 0y66 OX




R _iu___% sm6+@ cos 0 - 2)

r 00

Squaring and adding (1) and (2), we get,

(@)- +i(@)- — (@]-(coszeJrsinZO)Jr[@)h(sin:OJrcos:O)
or r*\ 00 ox oy
HEH)]
== b=
OxX oy
((ZM) (8u)2 (wj 1(8u)2
Bl @ =l === et
ox ) | oy o) 1208

49




13. If z=f(x, y) and x = u? —v?, y = 2uv, prove that A(u* -I-vz)(z

Solution:
x=u?—v? :,5—(?l = 2u Ql =—2v and y=2uv — D 2v Q =2u
ou ov ou ’
0z 0z 6x 0z 0y Oz 0z
L Lu)+—2v)
ou  Ox Ou Oy ou Ox oy
2 2 2 2 2
gz 0z 01 0z Oz 0z Ox 0“z Oy
= = Qu) Q)2+ @) —+@)—5 =
ou O~ Ou 01 ox ou (31 OAO\ ou Oy
2 2 2 2
— 4y? 0 Z 7 (2uv) + 2 OZ ok Cuv) + (4v )6_
Oxz Oy Ox Ox 036} ov?
28, Oz oz 5 0%z
axz ayﬁx Ox ayz

02

-

2.1_1') = (Zuu Ty Zw)




Oz _ 0z OX 82 Oy oz (=21 ,)+a_z(2zl) ——28—2(\’)+8—Z(2zl)
B Gobv Buly B Oy ox Oy

2 2 2. , . A% , 2
0"z _(2)826\ 02 (2")6}:_26. 0z OX 0"z 6\
o2 ov  oyéx v ox 0xo)
2 2 2 2
%, an 0z 0z 6 Z dz
= 4y? = -(—2uv) -2 (—2uv)+ (4\*2) =
c? ay ox &\‘Qv oy~
82 82 82 o A2
—; = 4172 ; (4uv)—-2—+(4v~ )C ;
v Ox= Oyox Ox y
2 A2 2 ’,f_ 2 A2
0z 8 —4112 & Z ok (41n)+ - 622 /'28 i (4m) 2—8—Z+(4v )O =
2 2 5T 2 2
ou’ av Ox ox ox oy




Oz(y 2 42\, O 2[4 2, 42
——2(411 +4v )+—(41/“+4v )

o oy?
Oz &%z
— 4(1[2 +V2) ; i = 4(“2 +V2 )(Z,\:\ +Z}‘T)
& o N

= o sl W
(Zy +2pw) = 4(” FV )(‘X\‘ +‘.‘9’)




14. If z=f(x,y) and x=¢"sinv, y=¢€" cosv, prove that

2 2
2 v & ZJ_T - ('X it Y )(Zuu ¥ Zn-)
Solution:
T 7 . ax - i . aAﬁ - U
X=€ sy >—=¢ smv ,—=¢€ CoSV
ou ov
o u ,' o Q‘ . Yy
y=e€ cosy >—=¢" cosy,—=—€" smy
ou ov
0z Gz2.0x OZ0y OZ g . 02 4
= + =—e sInv+—e cosv
Oou oOxoOu Oyou Ox oy
62z ., .  d*zox 0%z , . oy oz , .
is (e” sinv) 5 + (¢" sinv)—+ —e " sinv
ou Ox* Ou Oyox ou Ox
2 A2
a2 . .q ox - g zZ0y 0z 4
+ (e" cosv)—/+ (e” cosv) =—e" cosVy

éxay o avz ov 6' )




2 2 2
Q: 2U in? u%+2 AL (e 2u giny cosv) +e" smva—z+cosx & +(e2” cos> \’)Q..(l)
ou’ x> OyOx Ox Oy 2

0z 0Oz ox 52 dy 0z 4 &Z -4
e cosv——e smv
ov  Ox 8’\’ oy Ov  Ox oy
2 2 g 2
a—Z:(e"cosv)a iy 0 (e’ cosx)ﬁnta—z( e' sinv)
ov> ox2 Ov  Oyox ov  Ox
2 . 2, By
+ T2 (—e" Sinv)a—l+(—e" Sinv)a 20 aZ( e cosv)
Ox0y o oy? ov oy

5% ow b BZ 075 Oz 0z) . 2u 0%z

=& Co8 11——2 (e sinvcosv)+e" | —sinv——cosv— |+ (e sin v) J2)

o2 o’ Oyox Ox ’ oy’

»

Adding (1) and (2)




2 2 2 2
0z 0z 0z 24 @z 3y 2u
- e h—t |me 2 Fa )

-
a? & & 9P

U O, | -
(Zuu 2y, ) =€ (Zn‘ 2 W)

-

2 2
(Zyy +2) = (X7 + Y NZyy +2))

23




JACOBIAN
If u=wu(x,y) and v=v(x,y) are two functions of two independent variable x and y. Then the

ou

u,v

Jacobian of u & v 1s denoted by J( and 1s defined by A ¥) =
x,y) 0(x,y) o(x,)

Note: if u, v and w are functions of three independent variables of x, y and z. Then their

ou Ou Ou
ox Oy Oz
u,v,w| O(u,v,w) |0v Ov ©ov
x,y,z] o(x,y,2) | ox oy Oz

ow
Ox Oy Oz

Jacobian 1s J(




Properties of Jacobians

3Y) ) _
Axy) ou,v)
Property 2. (Chain Rule or Jacobian of Composite Function)

[fu and v are functions ofr and s, where r and s are functions of x and y, then

o(u,v) a(u v) Ar,s)
ax,y) Or,s) 5(11 V)

Property 3. Ifu, v, w are functionally dependent of a function x, y and z, then

Property 1. Ifu and v are functions ofx and y, then

Au,v,w) 0
a(x’ y’ Z) .




Problems:

: . o(x,y)
1. If x=rcosf ,y=rsmnf then find o(r.6)

Solution:
Given X=rcosf ,y=rsmné
ox 0> . . 0
Then —Azcosﬁ,—r=—r51n6’,stmﬁ,—y-—-rcos@
or 06 or
ox Ox

cos@ -rsmnd

Now a(xa J’) s or 00
o(r,0) |0y Ov
or 00

snf rcost

= r(sin2 0 + cos 29) =) =7




2.

u
if x=uv,y=—,1Ind

0(x,9)

v o(u,v)
F . U
Solution: Given x=yv , y=—
55
Ox Ox oy 1 oy U
Then =V .— U =—,—y=——,,
ou Ov ou v Ov A
oy 0%
Vv o u
o(x,y) |Ou ov| : _ u
a(ll s ¥ ) 8}-’ 6}’ T -22[ Vv
ou ov W0




3. If x=rcos@andy =rsinb, then ﬁndﬁ

ox
Solution:

Given X=rcos@ ,y=rsméb

then, r=x 4ty =r= \/x2 + y°

61‘ e

N
ox 2\/ +y = \/ +y

Now

al




—rsin@d 0
rcosd 0
0 1

4. If x=rcos@ ,y=rsmé@,z=2z then find
Solution:
Given x=rcosf ,y=rsmé
Tl he g g Wy
re 8—J\:cos@,a—ﬁ:—rsint‘),a—l:O,éi
or tolv, 0z or
Ox Ox Ox
or 00 06z cos 0
N a(x.’ ,.V,Z) = ay ay a}’ Sing
W Ar.6.z) |or 06 oz »
oz o 0z
or 00 0z

0(x,y,2)

o(r,0,z)

=cos@(rcos@)+rsinf(smnb)=r




5 If x=rsinfcosg,y=rsinfsing,z=rcos@  then find 0% 7,2)
' . L o(r, 6, z)
Solution : Given X=7sinfcos¢g,y=rsmfsing,z=rcos6
Ox Oox

= sin &¢cos ¢ % =rcos@cos¢ ,— = —rsinfsing,

|

@ = sin@sin @, i = 7C0os @sin ¢ ,@ =rsinfcos ¢ ,
or 06 Oz
2 = COS G,g = -rsin@,% =i0)

: Oz

sinfcos@ rcos@cos¢p —rsinéfsing
o(x,y,2) _

or.0,z)

sinfsm¢@ rcosfsm¢@ rsmbcose@

cost —rsinf 0

=sin&cos ¢(0 +77 sin” @cos @) —r cos @ cos 0 — (r sin @ cos ¢) cos &)
—rsin@sin (—sin” @sin @—r cos” Gsin ¢)

=r*sin’ @cos” ¢+ 1°sin @cos’ geos® @+ 77 sin” Osin” ¢+ r* sin Ocos” Gsin” @

=7r?sin’ O(cos” ¢p+sin’ ¢)+r° sin G cos” B(cos’ ¢+sin’ @)

=r*sin@(sin” @+cos” @) =r’sin O




6. If

Nx.y.z
ll=x+y+z, uv:y+z, uvw = 2z, ShOWthat ( .e): )=

o(u,v,w)
Solution: Given

Uu=x+y+z —(1) ww=y+z —(2) uww =z —(3)
Using (2) 1n (1), we get, x =u— (y +z)=u—uv=u(l-v)
x =u(l-v).......(4)

Using (3) in (2) we get, y = uv— z=uv—uvw=uv(l—-w)

y — ZIV(I —_ W") ....... (5)

From (4) ﬁzl-v, éz-u, ﬁ:O
ou oV OW

From (5) @:V.(I-W), @:u.(l-w), Q:-uv
ou oV OW

From (3) @:VW, g:uw, a—Z:uv
ou ov OW

(]




1-v -u 0

0(x,y,2) _| 1 e
v ) =|v(l-w) u(l-w) —mn

VW wu uv

= (1 — v) l:llzv (1 - w) — usz] + u [uvl(l — w) ~ uvzw:l
= (1-v)u’v+ u’v’ =u’y

G(xay: Z) :u2v
o(u,v,w)




7. Find the Jacobian of Y:-Y,.Ys;with respect to x,.x,,x,

Given -y -y - X
_ XX _ N3 _ N
y1 = .vyz = vy3 ==
x %, X,

-

V), _ XX b _x O _x

2 =_7T=— i L =
e X% ox £ @ %




Taking

X

—

[y

N -

| 3]

o (S

—

(V)

-
(9% o

'S}

('S

PSP ISP

22|92

| 3]

PIPRILR L

(W)

. 1
from Row 1, — from Row 2 and

X,

XX,

X5 X3

xl

X3

X5

x3
xl x3
X,

X

.\'2 A'3 X 3 X 2
5 : o
X X, X
X, x4 X
¢ S U
X, X, X,
.\'2 .\'1 .\'1 X )
T
X Xia X,
d

XA
S,

from Row 3,we get

X5

A

X X5

X3




D B
_ NN x |

1  EE, 2R, IX
——— X, X, XX, XX,
X\ XX XX, XX, —XX,
1
== =11 1y Flila 1y —4a
=1

2_ 2.2
X Xy X3 | ] |

OV, Y2,Y5) _4
XX . %)




a(‘x‘- .v) X 8(",0) — 1

8. If x=rcos@,y=rsin@ verify that e

Given X=rcosf@ ,y=rsinf

Ox Ox : oy . Y
Then 2 _ 050 ,—l ——rsmé , = :smH,—} —rcosé@
or o6 or 00
ox Ox
o(x., v 5 o0 & —rsmb 5 5
Now oY) Bl 00 = C(_)S s :r(sin‘ 0 +cos "6’) =il =
o(r,0) |gy ov| |smé@ rcosb
or 00
Now expressing and ¢  intermsofxand y

r’=x"+y’ :>r:\/x2+y2 andtanﬁzlzﬁztan_l(lj
5 X




"
— (2x) = =
24/x% + y* \/ +y? T Oy
1 (y) —y _=p. 68 _
1. y; X4 TEy T Ox s
=
a’. a” A‘ .}7
. ox Oy = P "
Ot _ = P :iﬂ(x*ﬂf")
Hx.y) (@@ @0 |y = »
& oyl |r* 7
ey 0(r.d 1
(.0)  00.0) _ 1 _
- 0(r,0) 8(x,y) r

69




o(u,v)
o(r,0)

P, P .
If u=2xyv=x —y ,x=rcos@ ,y—=rsm0,;compute

Solution :

2

- 2 2
Given u=2xy,v=x —Yy°,

ou ou
0 ox ay| 2y 2x : s g o
o) |2 | Ry x| a e e
o(x,y) |(ov ov| 2x 2y

ox oy

a(x, ,V) B cosf@ —rsind

o(r.0)

= r(sin2 6 +cos 26?) =p(l)=r

smé rcosb

3) |(9_:) g) | 8)
Q
(s

o(u,v) _ 0(u,v) X GO6Y) —4r(x* +y*)=—-4r’ (since x* +y* =r?)
o(r,0) o(x,y) 0O(r,0)

Z0




x+y Xy

10.  Prove that the function ¥ = —— ( ® are functionally dependent
X—y xX—y
Solution:  [fy and v are functionally dependent, then their o(u.u) _ 0
Gi L o(x,y)
iven P
ge=g =3
Then O#  (x—y)—-(x+y) 2y
Ox (x-y)° (x-y)°

cu @=y)=(@+tyElh) 2x

oy (x=y)’ (x=y)°

-

é _ (x - y)zy e 2xy(x = y) _ )’(X — y) [x —iP —2x]
o (x— )" (x—y)’
ov  —y(x+y)

ox  (x—y)




v (x—p) 2xp(x-p)(-1) (x-) [x—y+2x]
» (x=)’ CE)

_ X(x+y)

(x-y)

ou Ou —2y 055

O(u,u)

oy (x—y) () _ 2xy(x+y) ” 2xy(x+y)

Ox
o(x,y) |Ov ov| |—y(x+y) x(x+y) (x-y)
ac oy| | =3y G-y

Therefore u and v are functionally dependent.

(x-y)

0

Z2




L1.

2 2 2
Uu=xy+yz+zx,yv=x"+y +z° ,w=x+y+z

determine the functional relationship between u, v, w.

Solution:

Uu=xy+yz+zx

2 2 2
V=X L kB

e i

ou ou ou
= —=y+z, —=X+z, —=Xx+Yy
Ox Oy 0z
oV oV ov
= =2, =2y — =22
Ox oy 0z




Hence,
V+z x+z x+y

X 2y 2z
1 1 1
=20+2)(y-2)-2(x-2)2(x+2)+2(y+x)(y—-x)=0

o(u,v,w)
ofx, 1.2)

Therefore u , v and w are functionally dependent.

The relation i1s

VVz :(X+y+z)2 ::X2 +y2 +Zz +2(Xy+yZ+ZX):V+2u




If w=sin"'x+sin" y,v=x41-y" + yyJ1-x"

determine the functional relationship between u, v.

12\

Solution :

Given u=sin"x+siny,v=xJl—p* + yy/1—x>

ou 1 ou 1 .
% fl=xf O iy
L e S B e
Ox 1-x* Ox 1—x°
ou ou 1 1
du,u) |ox Oy| l—x* V1=
o(x,y) |ov ov > —Xy >
| = l1-x" +
ox Oy I =i




/

1+
)

Therefore u, v are functionally dependent.

N

=

Xy

Nt

Take x=smma.y=smfi— a= Sin_l(x)uB - Sin_l(J’)

Now #=sin"'x+sin"'y=a+pf

v=x:1-9° + y/1-x =sina\/l—sin2 ,B+sin,8\/l—sin2a

=sin & cos [+ sin fcos a = sin(a + )

— SN




TAYLOR'’S SERIES

TAYLOR’S SERIES FORMULA
J(xy)=f(a,b)+(x-a)f (a,b)+(y—b)f,(a,b)

1 : >
T | (x=a)’ f,.(a,b)+2(x—a)(y -b) f,,(a:b) + (¥ =)’ £, (a,D) |

G ‘l |—(x — a)3 .f;:\.:\: (aa b) ¥ 3(x — a)l (_,V ni b)f\ﬂ (a7 b) i 3(x 1 a)(y - b)z f.;:\)' (a’ b) # (y - b)3 f;FF'

shen
—_

+21 s called the Taylor’s series at the point (a,b)
When a=0 and b=0, the above series 1s called MacLaurin’s series

S (6 9) = 1(0,0)+7,.(0,0)+ 37,(0,0)+ %[xzfm(o, 0)+2xy £,,(0.0)+ 12 £,,(0.0) ]+

+ % (% £..(0,0)+3xy £, (0,0)+30°f, (0.0+¥° £, (0,0)]




Problems:

1. Expand e’ sin y  as Maclaurin’s series

Solution:

Given f (v y) =¢" sin Yy  and here a=b=0
We use Maclaurin’s formula

i
f(xy) = £(0,0) + x£(0,0) + ¥/, (0,0) + 5 [x*£2:(0,0) + 22y, (0,0) + ¥* £y, (0,0)] +
+ = [2% £ (0,0) + 332y f1y (0,0) + 3%y £, (0,0) + Y3, (0,0 ] ..




Function

At the Point (0,0)

f(x,y)=e" smy
fr(xa )’) = ex Slny
frx (X, y) = e.\‘ Siny

f;:t\-(xa J’) = e.\' Siny

S
fy(xay) =e CoS Yy
f.\)‘ (x,y)=—€" siny
fm-(x» y)=—e€ cosy

f\)' (xa ,,V) — e.\' COS J}

£(0,0)=¢€"sin0=0
1.(0,0)=¢"sin0 =0
£..(0,0)=¢"sin0=0

fm‘x(oa O) = eO S]Ilo — 0

/,(0,0)= e’ cos0=1

f,\j'(oa O) — —eo sm0=0

f\)j‘(O’ O) = _eo cos(0=-1

f\j-(oa O) = eO COSO — 1




f (x, }’) = e” cos y

xxy

ﬂ'}_‘\‘ (x, y) =—¢" sin y

1

e'siny =0+x(0)+ y(1)+ 5[:&(0) +2xy(1)+37(0) |+ % [ (0)+3x%y (1) + 352 (0)+ ' (=1 | +...

2 3

x“y %

B e
2

6

f..(0,0)=¢’cos0=1

Xy

f.\‘_\'y(oa O) = _eO sn0=0

) .

80




2.

Expand € in powers of x and y up to third degree

Solution:

Given  f(x,y)=e¢® and here a=b=0. We use Maclaurin’s formula

f(x,9) = £(0,0)+x7.(0,0) + 37, (0,0) + % ¥ £,(0,0)+2xy £,,(0,0)+ 3 £,,(0,0) |+

+ % [%° £ (0,0)+3x°y £,,(0,0)+ 337 £,,(0,0) + °,,,(0,0) | +..




Function

At the Point (0,0)

f"' (x, y)= ye"i"
»f;‘,\'(xa y) = )/,-)-e.\)'

f\_’\-‘\- (x, J?) — .};3 e,\:‘\'

f,(x,y) = xe”
[ (%)= x*e”
[ y)=x'€”
f»\n' (x,y)=¢e" + e
fo(x,y)=€"y+2xe” +x°ye”
f"‘“‘ (% y)=e”2x+xe”y

£(0,0)=¢" =1

ﬂ(o’ O) = ()
£.(0,0)=0

ftrx (0, O) =)
f.\' (O, O) = ()
/»(0,0)=0

f,,,(0,0)=0
f\j‘(oao) = 14+0=1

f.\.\)-(o, O) =()
f.;ju- (O, O) =0

82




~ 1 . , 1 2 2
e” =1+x(0)+y(0)+ [ ¥ (0)+ 25y M)+ 1" (0) |+ [ ¥ (0)+3x"y (0) +3° (0)+ 1 (0) ] +...

3

-

=14+ay-..

3. Expand ¢'log(1+y) in powers of x and y up to third degree

Solution:

Given f(x,y)=e¢ log(l+y) andhere We use Maclaurin’s formula

f(x,») = f(0,0) +x£.(0,0)+ »£,(0,0) + %[x:fn((), 0)+2xy £,,(0,0) + y:j‘“(O, O)] +

1

+ [0 0.0 +35) £, 0.0+ 357, 0.0+ 3°1,,,(0.0) ] +...

83




Function

At the Point (0,0)

f(x,y)=€"log(1+y)
f.(x,y)=e"log(1+y)
fo(x,y)=e"log(l+y)
fra(x,y)=¢"log(1+y)

X

o
ﬁ.(x,y):

1+ y
RCE) —_—
: (1+y)
fnw‘(‘x’y):_ 29' 3
(1+y)

7(0,0)=¢’(log)) =0
£.(0,0)=¢"(log]) =0
£..(0,0)=¢€"(logl)=0
[ (0,0) =€"(log) =0

0

e
f‘( ) 1+0
0

£,0,00=—=—=—1
: (1+0)
0

_](_;3)-(070):— 2e —2

(1+0) j




e 0

Sy (X, 1) = e
PR A+ y J/.(0,0)= =

( _“) & 1+0

fn‘\' (X_, y) — 2 0
| (1 +y) f\'w(O’ O) = ° = 1

1+0
fo )= WO
(1+) e (1+0)° :

f(x,3) = £(0,0)+xf,(0,0) + 31, (0,0) + % [xl £.(0,0)+2xy £.,(0,0)+ y* £, (O, 0)] &

1 , ,
e | X[ (0,0)+3x°y £,,(0,0)+3x)° £, (0,0)+ ' £,,,(0,0) |

1 ) 1 2 2
— '17+__(x‘/‘_ 1/"- )+———(x~ 1)_x1)~ + 1/}3)+ ooooooo
7 )\ 3 -




4. Expand e’ COS V  in powers of (x—1)and [ y —% j up to third degree
Solution:

. s T
GlVeIl f(x, ))) =€ COS }/’ and l‘lere a:= l_b — =

flx. )= flab)+ (x—a)f (a,b)+{yp—b)] (a,b)
1 : ,
i ;[(x =) [ (@) +2(x=a )y —b) . (a;B)+ (y= b)‘f_w(a,b)]

1 [ (x=a)’ fi.(a,b) +3(x—a)(y - b) f., (a,b)
e + ...

3| £3(x —a)ly=8)" /1y, (a:B) £y =B) [, 6a; 50




Function

f(x,y)=¢€ cosy
(e V)=e"¢cosy
f.(x,y)=e"cosy
S (X,y) =€ cosy
J,(x,y)=—e"sin y

f_‘j.(x,y) =—e" COS Y

Sy (% ¥) = e’ sy

& O (b (G
f\~(la4jze 005(4)_\5__
f.\.\(l,Z):elcos(Z):\/%
fn_\(l,g)=elcos(%)=i2

I T ——i
S| L—|=—e sm(zj_ 5




- - e o
f\)' ('Xa y) = =xe S )7
fnj'(xv J’) — __xle.\' sin y

f-\l" (x,y)=—xe cosy

l [ .) .
vl G —1)~f_1__1.(1
(x-1)° f(l
.
31
+%(A — 1)(} -

f.\;-(l-%):—l.el sm(%]:_

S e

r26-0( - I £, (12 )+ (7= 2] 11
ok 3(A = 1)2 (}’ == %) f\u (1 %)

[ fu3) (-2 03]

| fou| L ¥ |77 ) S| LT




/

. 2 oz (., 2
1 T T : T i
+;[(Y 1) —3(Y 1) [1—ZJ_3(.Y_1)('1_ZJ +(_1—Z)]

f(x.y)=

S0

\

D

Expand x’y + 3y — 2 in powers of (x —=1)and (y + 2) using Taylor’s theorem

Solution:

Given f(x,y)=x"y +3y — 2 andhere a=1b=-2
f(x,y)=f(a,b)+(x-a)f.(a,b)+(y-b)f,(a,b)
+ L'[(x —a)’ f.(a.b)+2(x—a)(y-b)f. (a,b)+(y-b)’ f\,,(a,b)]

(x—a) f..(a.b)+3(x—a) (y-—0) 1. (a.b)
+
31| +3(x — a)(y - b)° for(@,b)+(y - b)° S (a, b)
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Function

At the Point(1,-2)

fG,y)=xy + 3y = 2
L6 9)=2%)
J.(x,)=2y
I (xy)=0

f;(xoy) :x2 +3

f;)' (xa y) = O
f.n:\'(x» »)=0

~f.;_1' (xw ,v) — 2.\'

-f.;11' (x9 J) = 2
f.lj_'\' (xa J") = O

f(-2)=—2-6-2=-10
f.1,—2)=-4

f.0,-2)=-4

[ @,-2)=0

,,4,-2)=4

f.\a'(l-’ _2) =0
ﬁr\r\' (1,-2)=0

ﬂj‘ (1> _2) =2
.f.m'y(la _2) =

fm' (0,0)=0

20




f,)=fL-2)+(x-1)f.(1,-2)+ (¥ +2)f,({1,-2
+ %[(x ~1)? £ (1,-2)+ 2(x - (¥ + 2) £,,(1,-2) + (¥ + 2)* £,,(1,-2) |

(x-1)° £ ,-2)+3(x-1)*(y +2) f., (1,~2)
3 +3(x =Dy +2)* £, (1,-2) + (¥ +2)° £,,,(1,-2)

xXyy yyy

Xy+3y—2=-10—-4(x-)+4(y+2)+— [(4)(,\ 1) +4(x— 1)(y+2)] [6(x—1)3(y+2)]+...

=—10—4(x D) +4(y+2)+| (-D(x-1)’ +2(x—1)(y+2)]+[(x—1)3(y+2)]+...

21




6. Expand x°y° +2x°y +3xy’ in powers of (x o+ 2) and (V-1)

using Taylor’s theorem
Solution: | |
Given f(x,y)=x"y>+2x’y +3xy’ and here a=-2,b=1

J(x,y)= f(a,b)+ (x—a)f.(a,b)+(y—-0b)f,(a,b)

1 ) 2
i ;[(1‘ - a)’ fi.(a,b)+ 2(x —a)(y - b) f,, (a,b) + (y = b)’ f\'}'(a’b):l

1 [ (x=a) fi.(a,b)+3(x-a)(y —b)f.,(a,b)
3N +3(x—a)(y - b)* £, (a,b)+(y —b)’ fop (@ b))




Function

At the Point (2,-1)

f(x%,y) =2y +2x°y +3xy’
f.(x, )= 2xy” + 4xy +3)°
fi(x,)=2y"+4y
S (%,2)=0
[y (x,y)= 2x” y+ 2x* + 6xy
I%Y)= 2x° +6x
[ (%.3)=0

Sy (%, y)=4xy +6y +4x

[ (x.y)=4y+4

o

Jor (%, y)=4x+6

f(-2,1)=4+8-6=6
f(21)=-4-8+3=-9

f (-21)=6
f(-2,1)=0
f,(2,1)=4
f,(2.)=—4

f.m'(—zv 1)=0
fu(_zl) =-10

fl\j'(_zg 1) =8

=2

23




Jx. 3y = fe2,~D+(x +2) [(=2.1)+(y = 1)}, (=2.1)
¥ L[(x R E R R B Ea

(x+2) f (-2.)+3(x+2)(y-Df._ JH=2.1)
3' +3(x+2)(y -1)° b 2, 1)+ (y-1) - 21)

(%) =6+(x+2)(-9)+(-1)4)+— [(\ +2)7(6)+2(x+2(y - D(10)+(y—1)*(4)

+ %’ [(x +2)°(0)+3(x+2*(y-D®) +3(x+2)(y-D*(-2)+ (¥ -1’ (0)] Fes

= 6-9(x+2)+4(y D)+ 3(x+2) ~10(x+ 2)(y-D-2(y-1)° |
H{ @+ 2P0~ D@ -3 +2) (- 1* ]+

24




7. Expand tan”’ (zj at the point (1,1) up to second degree
X

Solution:

Given f(x,y)=tan™ (lj and here a=1bh=1

X

f(x,3) = f(a,b)+| (x—a)f,(a,b)+(y - b)f,(a,b) ]
+ %[(x —a)’ f,(a,b) +2(x— a)(y —b) f,, (a,b) + (¥ - b)" £, (a,b) |+ ...




Function

At the Point (1,1)

f(xﬁy) — tan ! (_)_)
X

—y
L(xy)= = J
+3’
2xv
S e ——
(\' gy )
S, (x,¥) = -
\ —}—J;
“}(.;j' (xs J’) = — 2,\:]«’

(x> + %)’

‘f;ﬂ(xa}/‘): ';2

1
an=-=
£ =-2

L
fo@D=>

N |

L=

1
L=

[, (LD)=0

26




S =fAD+ G-DAAD+(-DA LD
+ % (=D £, LD+ 2(x =Dy =D £, LD+ (=12 £, LD ]+

7 1 1 2 2
:X+E((y—l)—(x—l)) +5((x—1) —(y-17%)+...

% 1 1 2 2 . ;
% PR T




8. Expand the function Sin (.Xy) at ( 1., 7;—) as a Taylor series up to second degree
Solution:

Given f(X, y) =sin (.Xy) and here a=1b= %

f(x,9) = f(a,b)+ | (x—a) f.(a,b) + (¥ - b) f,(a,b) |

+ %[(A‘ — a)zf_n_(a,b) F2x—a)(y—b)f(a,b)+ (¥— b)zf“),(a,b)] ...




Function At the Point ( § s )
— g gL
L— |=1
f(x,y)=sinxy f( 2J
o 1 M
[ (x, )= ycos(xp) (75 )7

v

S, (x,y)= x cos (xy
](.n-(xa y)= —}"2 sin (xy)

[, (x,¥) =—xysin(xy)+cos(xy)

[,y (%, ) = —x sin (xp)

29




J+ (x—l)f\.(l,;) =

)

1
oo D(x__jfn( AN

100




Maxima and Minima :

Definition:

A function f(x,y) is said to have a relative maximum (or maximum) at (a,b)

if f(a,b) > f(a+h,b+k) for small values of h and k.

A function f(x,y) is said to have a relative minimum (or minimum) at (a,b)

if f(a,b) < f(a+h,b+k) for small values of h and k.

Note:

A maximum or minimum value of a function 1s called as its extreme value.




Maxima and Minima of a function of two variables

Notation:p:z q—Cf a{;s:af; (?f
ox oy Oox” OxOy oy’

Working rule:
Let f(x, y) be the given function
1. Find —fand f

of af
2. Solve = =0 and - = Osmmultaneously. Solution of the equations are stationary point

X oy

3. Find the value of r, s, t and rt-s? at all the stationary points.

rort rt-s2

Conclusion

r<0 |(t-s?)>0

f(x. y) attains 1ts maximum at that stationary point

r>0 | (t-s?)>0

f(x, y) attains 1ts minimum at that stationary point

- (rt-s?) <0 | Netther maximum nor mimimum. The stationary
point is saddle point
E (rt-s?) =0 | Further investigation needed




PROBLEMS:

1.Find the maximum and minimum value for the function /(x,y)=x"+)7 +6x+12

Solution:
Let f(x,y) = x? + y% + 6x + 12
af af 0°f d-f 9°f
D Iy 2x + 6; 5y 2y; T Ix2 s g G0y 0 andt T 2

p =0 and g =0 implies x =-3 and y = 0.

Theretore the stationary point is (-3, 0).
AME3. 0 r=2>0and it —s2=4 0.

Therefore f(x, y) obtains its minimum value at (-3, 0).

The minimum value 1s (-3, 0) = 3.




2. Find the maximum and minimum of the function 3(x* — y?) —x3 +y

Solution:
Let f(x,y) — 3(x2 = yz) o x3 1 y3
af - of ’
p=5_=6x—23x ,q—@——6y+3y
g f aZf
r—ﬁ—6—6x, s—axay—Oand
t—azf— 6+6

p =0 mmplies x =0 and x = 2.
and q =0 impliesy=0and y =2
Therefore the stationary points are (0, 0), (0, 2), (2, 0) and (2, 2).

3




At stationary points |r=6 — 6x| rt —s? Conclusion Extreme value
(0, 0) 6 -36 Saddle point —
(0, 2) 6 36 Minimum f(0,2)=-4
(2.0) -6 36 Maximum f(2,0)=4
Ly -6 -36 Saddle point -

Thus {(x, y) obtains its maximum at (2, 0) and the maximum value 1s 4.

Similarly, f(x, y) obtains its minimum at (0, 2) and the minimum value 1s -4.




3. Find the maximum and minimum of the function x> + y> — 12x — 3y + 20

Solution:
Let f(x,y) = x> +y3 —12x — 3y + 20
af - af
A —12;g =— = 2 -
p Ix 3X q 37 3yF =3
0*f 0*f 0*f
r—ﬁ—6x, s—axay—Oand t—a—yz—6y.

p =0 implies x =-2 and x = 2.
and q =0 impliesy=—-1 and y =1

Therefore the stationary points are (-2, -1), (-2, 1), (2,-1) and (2, 1).




At stationary r=6x |rt—s*| Conclusion Extreme
points value
(-2, -1) -12 72 Maximum | f(-2,—1) =38
(-2, 1) —-12 —72 | Saddle point -
2, -1) 12 —72 | Saddle point ~
(2. 1) 12 72 Minimum f(2,1)=2

Thus f(x, y) obtains its maximum at (-2, -1) and the maximum value 1s 38.

Similarly, f(x, y) obtains its minimum at (2, 1) and the minimum value 1s 2.




4. Find the maximum and minimum values of f(x, y) = x>+ y° — 3axy.

Solution:
Let f(x, y) = x3+ y° — 3axy
p=i, =3x" —3ay; ¢ =1 =5y -3ax;
r=f.=6x; s=f.=J3a =1, =6y
p=0and g=0 1mp11es 3x? - 3ay = 0and 3y?’-3ax=0

x? = ay and y-—ax
4

ie., x*=a’%y?
Xt=ga’x
e, xX’-a)=0

~X=0orx=a
When x = 0, we get, y =0 and when x = a, we get,y=a

. The stationary points are (0,0) and (a, a)




At stationary r rt — s? Conclusion Extreme value
points
Neither maximum
(0, 0) 0 -9a2< () nor minimum, -
Saddle point
If a > 0, then r > 0 and hence f(a, a) 1s
a minimum value.
(a, a) 6a 27a*
If a <0, then r <0 and hence f(a, a) 1s
a maximum value.

Thus the maximum or minimum value at (a, a) is f(a, a) = -a’




5. Find the maxima or minima of f(x,y) =2(x —y)*—x*—y*

Solution:

Let f(x,y) = 2(x — y)*— x*—y*

p=f =dx-y)—4x’; q=f=—A4@x—y)—4y

E=ib =425 =1 =4 t=F 12

solving p=0and q=0 impliesx —y - x> =0 2(1)
and—(x—y)—-y>=0 22

Adding (1) and (2) x’+y*=0
ie., E+y)E-xy+y?)=0

X=-yorx’*—xy+y>=0 (Check: x?— xy + y*>> 0, always)




Putting in (1) x = -y, we get,

2y +y’=0
ie., vy(y*-2)=0
e, y=0,v2, —/2

The corresponding x values are 0, —v/2,v/2

~. The stationary points are (0, 0), (v2, —v2) and (—V/2,v2)

At stationary points | r=4—12x?| rt — s’ Conclusion Extreme value
Further -
(0, 0) - 0 investigation
needed
V2, —V/2) 90 384 Maximum f(v/2, —V2) =8
(—v2,v2) 90 384 Maximum f(—v/2,v/2) =8




6. Find the maxima or minima of f(x,y) = x2y2(1 —=)
Solution:
Let f(x,y)=x°y*(1—x—1y)
p=2L = 2xy2(1 — x — y) + x2y%(—1) = xy%(2 — 3x — Zy)

ox

=9 = 2x2y(1 —x — 2y2(=1) = x2y(2 — 2x — 3
q=5, = 2x°y(1 —x —y) + x7y*(=1) = x7y(2 — 2x = 3y
solving p =0 and q = 0 implies

xy*(2—-3x—-2y)=0 ——————————— —(1)

x’y(2—-2x—-3y) =0 ——————————— - (2)

112




(I)and (2)=

x=0 , y=0 and
2-3x-2y)=0—————— —(3)
2-2x—-3y)=0—————— —(4)
solving (3) and (4)
2x%+-3y—2
X% 2y—2
Oy-4y=2 = Sy=2 = 3’:%
6 4 2
I3y SEL-g S g K= 3

~ The Stationary pts are (0,0), (%, é) A041). (O,%), (%, O),(I,O)




A= fox = —6xy?+2y* —2y>

B = f = x%y(=2) + 2y(2 = 2x = 3y)

C= fy = 2*y(=3) + (2 —2x — 3y)x*

At stationary points r=4-12x2 rt — s2 Conclusion Extreme value
Further investigation -
(0, 0) 0 0 needed
Further investigation -
(0,1) 0 0 needed
’ Further investigation -
0, é) 8 0 needed
27
) Further investigation -
(§ ,0) 0 0 needed
Further investigation -
(1,0) 0 0 needed
AR —-24 the maximum 16
G2 = +ve T
55 125 3125




Constrained maximum and minimum— Lagrange’s multipliers methods

Let f(x, y, z) = 0 be the function whose extreme values should be found subject to the
condition (constraint) ¢ (X, y, z) = 0.

We define F(x, y, z) = f(x, y, z) + A} (X, y, z), where A is called Lagrange multiplier.

oF oF oF oF
For extreme values, solve —=0;:—=0:—=0;—=0
ox ay 0z dA




PROBLEMS :

1. Find the maximum value of x™y"zP suchthat x+y+z=a

Solution:

Given f(x,y,z) = x™y"zP and @(x,y,2) =x+y+z=a

F(x.v,z) =x"y"2 + A(x +y +Zz—a)

OF -

a = mx™m-— yan e
a_F — nxmyn—lzp =%
ay

OF

E - pxmynzp—l 5o |




OF_O 6F_O oF
ox dy = 0z

= 1 = mx™m" 1yan = nxmyn 1Zp — pxmynzp—l

77l Tl m m 7l

y"z y"z" _px"y"z
=> —
X y Z
m n p MEFERTP m+n+p
e S e U e e —
X N Z 2XxXE¥V+Z a
am an ap
= — ;y: L =
m+n+p m+n+tp m+R+p

Thus the maximum value of

F( ) am " an . ap 3 am+n+p(mmnnpp)
X,V,Z) = =
Y m=L R D ma-n=Tp m+n—-.Tp _(m+n+p)m+n+p




2. Find the minimum value of x*+ y?+ z> where ax + by + ¢z = p.
Solution:

We use Lagrange’s method. Let f(x, y, z) = x* + y* + 72

o(X,y,z)=ax+by+cz-p and F(X,y,2z)=1X,vy, 2)+ rAo(X,YV, z)

where A 1s the Lagrange multiplier

Then F(x, y, z) = x2+ y?>+ 22+ Max + by + ¢z - p)

The stationary points are obtained by solving

F,=2x+taA=0
B =2ybl=0
F,=2z+cA=0

and F, =ax +by+cz-p

(1)
(2)
3)
(4)




bram (1), 2= —?
From (2), y = —b—;
From (3), z = —%

al bA cA
From (4), a. (—7) + b. (—7) + c. (—7) =p

-2
A p
g bh e

. — ap . bp = cp
S e ) T grprieE’ C hiic?

ap bp cp )

The only stationary point 1s (
M Y P a?+b2+c?’ a?+b%+c?’ a®?+b?+c?




The minimum value of

-awrra) *Hawera) )
fwyrd=\gir+a) \err+a) Y\

_pZ(a2+b2+C2)_ p2
(@ +b%2+c?2)?  a?+ b2+ c?




3. Find the dimensions of the box that requires the least material for construction
of the box being opened at the top and having a volume 32cc.

Solution :

Let x, y, z be the length, breadth and height of the box.

Then surface area of the box = xy + 2yz + 2zx, since the box is opened at the top.
Given, volume should be 32.

Therefore, xyz =32 2 xyz—32=0

Thus F(x, v, z) = (xy +2yz + 2zx) + A (xyz — 32) =2 (1)




doF
—=y+2z+ A(yz)

dx

0F

$=x+22+/1(zx)

dF

£=2y+2x+/1(xy)

doF

ﬁzxyz—SZ
0F_O.0F_O_0F_O=>/1_—y—22_—x—22_—2y—2x
dx 0y 0z - yz  xz Xy
e . =

> vz  xz TR S

e—x—ZZ _ —2y—2X >y = D R =N 5 27

Xz Xy o




s 0 32=0
_ — — —i
i XyZ

wxXxx§=32

SEX—4

= y=4andz=2.

Thus the dimension of the box 1s (4, 4, 2)




4. Find the minimum distance from the point (3, 4, 15) to the cone x>+ y? = 4z,
Solution :
Let (X, y, z) be any point on the cone x>+ y? = 472

Then 1ts distance from the point (3, 4, 15) is

d = /(x=3)2 + (y — 4)2 + (z — 15)2.

First we find the minimum value of d? subject to the condition x>+ y? = 477,

Let F(x,y,2) = (x=3)? + (y — 4)? + (z — 15)%+L (x2 + y2- 472)
The stationary points are given by,

F,=2(x-3)+2AX =0 ==mmmmmmmemmm- > (1)
F,=2(y-4)+2 y =0 -----m-m-—-- > (2)
F,=2(z- 15) 8AZ =0 e > (3)
F,=x>+y?-422=0 --emoememeemm- > (4)




3

From (1), x = P
From (2), y = —
rom (2),y = T
15
From (3),z = =
o 3 \2 4 \? 15 \°
Substituting 1n (4), (m) 10 (m) b (1_42)

e, 25(1-41)*=4225(1+h)?2

1.€., i = 50
142
: 1-41 1
From o 6 wegetl = ~1/,
1-4A7 = 5 .
From ——==—6 wegetd = /5




When L= ~1/,, we getx=6,y=8,z=35.

When A = _7/2, we get x =-6/5,y=-8/5,z=1

Thus the stationary points are (6, 8, 5) and (-6/5, -8/5, 1).

Distance of (6, 8, 5) from (3,4, 15)is d = \/(6 —3)2+(8—4)%2 + (5 —15)2

=125 = 5V5
Distance of (-6/5, -8/5, 1) from (3, 4, 15) 1s

d=J (s — 3+ %~ +(@=15

441 784

= s +196 =49 + 196 = V245 = 75
\ 25 25

~. The minimum distance from the point (3, 4, 15) to the cone x>+ y?> =4z> is 5v5.




5. Find the volume of the greatest parallelepiped which has its sides parallel

to co-ordinate planes and inscribed in the ellipsoid x2 y2 22 -
b2

Solution:

Let 2x, 2y, 2z be the dimension of the rectangular parallelepiped.
22 . P g2

We have to maximize 8xyz subject to + + =1

2 2 2
Therefore F(x,y,z) = 8xyz + A (xz = iz = iz — 1)

OF ZAx

e = 8yz +— =
dF 2y
ay = 8xz + b_2
oF 2z

—— =8y




oF oF ar 0
Ox B ay T 0z
2 b2
=4 = ayz — e = i
X y Z
a’yz b*xz x? .
Choosing g = }’_2
X y a
| bxz cPxy y* zZ°
Choosing = Ed Tl
e a e
XY e gt




DT P e
_— = I
EY) R T
L SR
St =l
% a
3'—5'_'1 =2 X =—
a 3
. . b C
Similarly, we can prove y = \/—gand z==x

8abc

3V3'

Thus the maximum volume 1s V = 8xyz =




6. Find the shortest and longest distance from (1,2,-1) to the sphere
x* + y* + z* = 24 , using lagrange’s method of maxima and minima.

Solution:

Let (x,y,z) be any point on the sphere.
The distance from (1,2,-1) to the point (x,y,z) is given by
d=(x—1)2+(y — 1)2+(z + 1)?
d? = (x—1)?°+(y — 1)?+(z + 1)?
Now the problem is to optimize d? = (x — 1)?+(y — 1)?+(z + 1)?
Subject to x% + y? + z? = 24
Let F(x,y,z) = (x — 1)?+(y — 1)?+(z + 1)?+A(x? + y* + 2% — 24)




The stationary points are given by,

F,.=2(x-1)+2Ax =0 ------- (1)
E,=2y-2)+ 20y =0 —=mmmm- (2)
F,=2(z+1)+2Az=0 -=-mmmm- (3)
F, = x>+ y?> +7%2-24=0 --------- (4)
1
From (1), X = T
2
From (2), y = o
1
From (3).z = —
5. 6
Substituting in (4),(1”)2 = 24

(Qe.) (1+2)%=~

1 -3
Therefore A = SO




When A =1/ », the point on the sphere 1s (2,4,-2)
When A = _3/ 2, the point on the sphere 1s (-2,-4,2)
At(24,2) d=J2-1)2+@-22?+(-2+1)2 = 6

At(-2,-42) d=+/(-2—-1)2+(-4—-2)2+(2+1)2 = 36

Therefore shortest and the longest distances are V6 and 3v6 respectively.




